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Preface
The year 2000 seems to be particularly appropriate to honor the greatest
theoretical geodesist of the 20th century, Mikhail Sergeevich Molodensky (1909 –
1991). He has been a legendary personality, not only because of his scientific
achievements — he is probably the only geodesist who would have deserved a
Nobel Prize — but also because he was leading the reclusive life of an ascetic to
whom only a very small circle of devoted friends had access. Mrs. M. I. Yurkina was
one of these privileged persons, perhaps the most faithful of his disciples, if I may
use this term usually reserved to religious–philosophical thinkers such as the
mythical Pythagoras.
The present volume includes obituaries and recollections of friends and fellow
Russian scientists. They provide a unique insight into life and work of a real genius,
who was as great in his brilliant scientific ideas as in his simple modest life. They are
also permitting a unique glance at life in the Soviet Union.
Through his work, M. S. Molodensky attracted many people to the austere beauty
of physical geodesy, including myself. Although I had never met Molodensky, his
ideas pervaded my whole scientific life. Therefore it is one of the greatest honors in
my life that now I am able, by being coeditor of this volume together with Mrs.
Yurkina, to help make his scientific and human personality better known to
geodesists and geophysicists all over the world.
For this purpose it is very important to have all the material in English. Out of
respect of the great language in which M. S. Molodensky thought, spoke and wrote,
one of Molodensky’s last articles is given in the Russian original, together with the
English translation.
My original intention was to translate the material myself, but I could not find the
time and energy. So very kindly, my Russian friends, on the initiative of Mrs. Yurkina,
provided me with good English translations, sometimes even expanded with respect
to the original. The translators are mentioned with gratitude: N. M. Molodenskaya, I.
V. Stadnik, and P. V. Shvetsov, on the initiative of G. V. Demianov. All I had to do
was to convert the texts into the pidgin English of international science, which was
quite easy.
So to speak, Mrs. Yurkina and their Russian colleagues provided the cake, I only
did the sugar–coating. She and the other authors deserve recognition for all that is
good; for all the mistakes, the responsibility is mine.
Finally, I wish to thank warmly and sincerely all my Russian colleagues for their
constant friendship and help. I am grateful to the authors, translators, and editors,
especially of the journal “Geodeziya i Kartografiya”, for the permission to reprint and
translate several papers. The translation project was sponsored by the Russian Fund
for Fundamental Researches No. 00–05–64284. I am also grateful to my friend Milan
Burša in Prague for encouragement and help. Last but not least, my secretary Ruth
Hödl deserves thanks for her painstaking editorial work.

December 2000

Helmut Moritz
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In Memoriam
Mikhail Sergeevich Molodensky

(Geodeziya i kartografiya, No. 2, pp. 58–59, 1992, Moscow, translated
from Russian )

The prominent geodesist and geophysicist, a winner of two State Prizes and the
Lenin Prize, M. S. Molodensky died on November 12, 1991 at the age of 82. He has
entered into the history of science as a reformer of the theory of figure of the Earth;
the study of Earth rotation and oscillations is bound to be associated with the name
of M. S. Molodensky as well. The results of the researches made by M. S.
Molodensky have created the basis for the astronomic–gravimetric leveling of the
country, carried out for the astronomic–geodetic net: He also contributed to the
development of the country’s construction of gravimetrical instruments.
M. S. Molodensky was born on June 15, 1909 in the small town of Epiphan,
province of Tula, in the family of a priest. He graduated from the Astronomic
Department of the Mechanics and Mathematics Faculty of the Moscow State
University in 1931 and was qualified by the diploma as a research worker and a
lecturer. He worked with Academician V. G. Fesenkov for some years, then he was
invited by F. N. Krasovsky to join the staff of the Central Research Institute of
Geodesy, Aerophotogrammetry and Cartography (TsNIIGAiK) where he began
working at the theory of pendulum co–swinging and the theory of the unregularized
figure of the Earth.
M. S. Molodensky was a man of exceptional mathematical gifts. While solving
problems raised by himself he could see the very essence of them, managing to
preserve the minimum of conditions necessary for their solution. When speaking with
him one could not help admiring and being fascinated by the brilliance of his ideas
concerning even very practical tasks. He was able to foresee the direction of the
development of geodesy for many years ahead.
In everyday life he was good–hearted, gentle, and always willing to render
assistance to people. Always fully absorbed with his very original and profound
thoughts, he was really a man “not of this world” *), which created some distance
between him and other people. But all those who happened to know him thank
destiny for this fortune.
For more than 25 years (1933–1960), M. S. Molodensky worked at TsNIIGAiK,
combining this job with one at the Institute of the Physics of the Earth, where under
the persistent pressure he agreed to become the director in the sixties. However, the
administrative work undermined his health. Having abandoned the position, he
continued to work for the Institute as a scientist.
*) “not of this world”. The basic bible. Containing the old and new testaments in
basic English. E. P. Datton and Co. INC. N.Y. 1950. St. John, p. 778.
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The theory of M. S. Molodensky has been recognized all over the world, his
theory is included into students’ textbooks and manuals. His scientific researches
have not been fully appreciated so far, and not everything has been understood to
the full extent. It mainly concerns studies on oscillations and rotation of the deforming
Earth. The researches made by M. S. Molodensky have entered forever into the
world’s golden treasure of science. New generations of scientists will return to this
source.
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Mikhail Sergeevich Molodensky –– Life and Work
V. V. Brovar, M. I. Yurkina
(Translated from : Nauchno–tekhnicheskii sbornik po geodezii, aerokosmicheskim
syemkam i kartografii, “Fizicheskaya geodeziya”, book 1, 11–39, TsNIIGAiK,
Moscow. In Russian. )
Mikhail Molodensky — the prominent geodesist and geophysicist — spent a
long and creative life, leaving after himself a great scientific heritage, as well as
disciples and followers.
Mikhail Sergeevich was born on June 15, 1909 in the small town of Epiphan,
Tula province, in the family of Sergey Mikhailovich and Nadezhda Mikhailovna
Molodensky. He died on November 12, 1991 at the age of 82 years. His father was a
priest. There were six children in their family: Nikolay, Maria, Sergey, Vladimir,
Mikhail and Elena.
According to the journal of the Tula eparchy, Sergey Mikhailovich Molodensky
graduated from Tula Spiritual Seminary with first degree in 1897. He then served for
one year as a psalmist of the Dimitri cemetery church in Tula. In 1899 he was raised
to the rank of priest of the village Smorodino of the Epiphan district. In 1906 he was
sent to the Epiphan All Saints cemetery church. In 1916 Sergey Molodensky retired
from this post of priest and was appointed as a low teacher of the Epiphan teacher’s
seminary. After the revolution he became again priest of his former church and
stayed in this position till the beginning of an antireligious mass campaign. That time
Mikhail’s parents had to leave Epiphan in a hurry. Sergey Mikhailovich had to retire
from the order of priest. In the Molodensky family they kept a post card from an
unknown but close person who wrote the following:“ All people in Epiphan were
shocked and moved to tears when they heard about your departure”. This post card
was sent on August 5, 1932.
Nadezhda Mikhailovna (girl’s name Tatevskaya) studied in Tula eparchial
women’s school. She passed the 4th and 5th class but when she passed to the 6th
class in 1897 she failed; she was given exams for all disciplines. By the same time
her father, the priest Mikhail Pavlovich Tatevsky, was transferred from the church of
Alexin to the Dimitri church of Tula, where Sergey Mikhailovich was the psalmist.
There are no details in the family about the roots of Mikhail Sergeevich’s
parents. The names of Molodensky came from the country name of Molodenky in the
Epiphan district (now Kimovsky region).
There were two churches in the big village of Molodenky which exists up to
now. The first is a St. Mary Church (built in 1803 instead of a wooden one by the
owner of the village, count Kirill Grigorievich Razumovsky) and the second in the
honor of the Saint Duke Alexander Nevsky (reconstructed as a stone building in 1882
by Petr Fedorovich Samarin). Until recently one could see the remnants of the first
church, the second has been destroyed completely.
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In accordance with the book “Russia. The full geographic description of our
motherland” of 1902, in the beginning of the XXth century in the village Molodenky
there were 900 inhabitants, there was a hospital, a school and a sugar making
factory. In the time of the peasants’ liberation the village was owned by Petr
Fedorovich Samarin, the brother of the well known peasantry liberator Yuri
Fedorovich Samarin. The life at the end of the XIXth century was described by
Belgard 1916. Samarin was visited by the Lopukhins, the Obolenskies, by L. N.
Tolstoy, S. N. and E. N. Trubetsky, afterwards well–known philosophers.
Among the priests of Tula province in the second part of the 19th century there
were some Molodenskies: Ioann (priest in the village of Kishkino, died in 1862),
Mikhail (priest in NikoIskoe, died in 1871; most probably he was the great–
grandfather of Mikhail Sergeevich). Mikhail Mikhailovich was 1873 ordained priest,
being psalmist of the Spasopreobrazhenskaya (Transfiguration of the Saviour)
church of Tula, and in 1877 he was ordained second priest in the church of Lutorichy
and Kozlova Sloboda. In 1894, information about his death was made public. He
probably was the grandfather of Mikhail Sergeevich, In 1901, Mikhail Mikhailovich’s
wife Alexandra received a priests pension. Petr Mikchailovich graduated from Tula
seminary in 1875; in 1879 he was appointed second priest in the united
Rojdestveno–Losinsko–Nivensky parish.
The name Tatevskie originated from the village Tatevo of Tula province. The
history of that village was described by Troitsky 1910, member of the Moscow
archaeological society and honorary member of the Society for protection and
conservation of the art and history memorials in Russia. The name of the village
originates from the name of the local landlords who owned the village and the
peasants. The family founder was duke Ivan Fedorovich Tath, who was known due to
his victory against the tartars in 1547 on Prone. The parish existed since the 12th
century. The church of Nikola Thaumaturge was built on the cemetery most probably
by duke Alexander Mikhailovich Volkonsky in 1780 who was the owner of the village
at that time. This church and the church of the Assumption of the Holy Virgin of the
neighboring village Zaitsevo composed one and the same parish. In 1864 Aleksey
Tatevsky became a priest in Tatevo but it is doubtful that he was the first to bear that
name because in 1862 Mikhail Pavlovich Tatevsky was indicated as the deacon of
Osinovaya Gora. In 1875 he — or maybe his namesake — after graduating from the
seminary became a priest in Lubikovo and since 1877 in the church of the Holy Virgin
of Alexine.
As Alexandra Mikhailovna and Vladimir Mikhailovich (the widow and the cousin
of Mikhail Sergeevich) remembered, Mikhail Pavlovich was the grandfather of Mikhail
Sergeevich. In the village of Borovkovo of the Tula district in 1862 the priest was
Mikhail Semenovich Tatevsky, in 1865 he became the priest of the Nativity of Christ
and Nikolo–Zaretsky churches of Tula.
More detailed information about Mikhail Sergeevich backgrounds does not
exist.
The goodness of Mikhail Sergeevich’s parents was unusual. They hosted poors,
permitting them to spend nights at their house, Sergey Mikhailovich did not take
money from the poor for which the neighboring priests criticized Nadezhda
Mikhailovna.
For the 175th anniversary of the school in Epiphan which was celebrated in
1990, the local historians headed by the teacher Sergey Vasilievich Kusakin were
collecting information about its graduates. The memories of Ksenofontova were
dedicated to the history of the school as well. There are memories about the school
successes of the Molodenskies. Vladimir organized a circle on mathematics in the
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school and later he became a chemist. Mikhail had fallen in love with astronomy
while he was a child. Once during the dinner he tried to start to talk about the sun’s
rotation. The oldest started to laugh at him. He began to cry and left the room without
eating. When he was older he was in charge of the literature–critical section of the
school magazine “Blasts of Ideas”. By that time he liked Pisarev and followed his
ideas. This work was supervised by Klavdia Gavrilovna Savelieva. The love for
physics and mathematics was raised by the teachers Nikolay Fedorovich Jilich and
Dmitry Alexandrovich Masing. As Mikhail Sergeevich recalled, they developed an
interest in research in the exact sciences. Thanks to Kusakin we have data about
Jilich and Masing. The first was Polish (may be an officer of the tsarist army); when
and how he appeared in Epiphan nobody remembers. In the twenties in Epiphan
there existed two schools who were called by the names of their directors “School of
Bulgakov” and “School of Jilich”. Most probably Mikhail Sergeevich graduated from
the “School of Jilich”. At that time Nikolay Fedorovich worked at the secondary school
and was the class leader of the first who graduated in the 10th class of 1936. In 1938
together with some other teachers he was removed but soon came back and worked
in the Epiphan school till his death in 1957.
The pupils and colleagues called Masing a great teacher. Dmitry Alexandrovich
was a graduate from Moscow University and started his pedagogical activities in the
country school of the village Podjom of the Tambov province. Having noted the
talented pupil Vasya, the son of a poor peasant Mikhail Solokhin, he asked the father
to give him his son for education and supervision without any compensation from the
part of the parents. Vasily graduated with success from the geographic faculty of
Moscow University and was assigned to work in Epiphan where by that time the
inspector of the schools had become Masing. Masing had some pupils under his care
and he helped some students financially.
After the revolution in the twenties, Masing was teaching mathematics and
physics at the Epiphan secondary school. Then he started to work at the Epiphan
teaching school, also offering workshops for the teachers of mathematics and
physics of the Epiphan region. Kostomarov, who lived in the family of the adopted
son of Masing, Vasily Solokhin, remembers: “On his slim tall figure he was wearing
the dark blue coat of the Ministry of Education, with a double row of buttons ... On the
badges he had double–headed eagles ... His coat was not buttoned accurately and
the coat–tails, being of different height, looked like the wings of a big wounded bird ...
On the big face he wore spectacles with thick glasses. His beard stuck out, and the
head was surrounded by silver hair like an aureole. He was looking straight in front,
giving the appearance that if you did not give him the way he would step into you
straight away ...”. Masing died in the fifties in his sleep, unmarried for the whole life.
In 1992, Kostomarov published his memories about Jilich and Masing.
The work of outstanding teachers gave excellent results: the first graduations of
the twenties brought plenty of bright heads. These were of the same age: Yury
Mikhailovich Piatin, doctor of technical sciences, Ilya Mikhailovich Rodin, doctor of
biological sciences, Mikhail Petrovich Chumakov, a well–known physician and fighter
against poliomyelitis, and the brothers Molodensky. Sergey Sergeevich Molodensky
was a famous teacher of physics in Leningrad.
Epiphan at present is a very small town. The center of the region is the new
town of Kimovsk, and life stopped in the old Russian town. Epiphan appeared in 1571
as a guarding point. During the government of Ivan the Terrible it was mentioned
together with other such points on the rivers Don and Mecha. Epiphan had a wooden
castle with nine stone towers, one of which survived. Since 1777 Epiphan became a
town in the Tula district. Agriculture started to develop in this district. Mikhail
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Sergeevich Molodensky often remembered the nature of his native land. The
commerce also developed. Many well–known people had their houses here in
Epiphan: the Bobrinskies, Golitsiny, Dolgorukies, Samarinies, Raevskies,
Shahovskies etc. Well known were the merchants Ovodovy and Rastorguevy. The
writer G. I. Uspensky was teaching in Epiphan about half a year. In the beginning of
the century it was a small country town with a population of some 10000 people. The
town became full of life specially during the fairs, which were held at the Market
Square near All Saints church where Sergey Mikhailovich Molodensky served; his
family lived nearby at Novoslobodskaya street. The merchants came not only from
different parts of Tula province but from neighboring provinces as well. In his
childhood Mikhail Sergeevich was watching all that. Now All Saints church is
destroyed. A distillery was built from its bricks.
In 1923, 14–years old Mikhail had finished seven years of school and started to
live in the family of his uncle — doctor Mikhail Mikhailovich Tatevsky in Tula, where
he studied in the railway school. After finishing it he worked for about a year as
accountant in the forestry at Yasnaya Poliana. Having earned some money there for
his work, Mikhail Sergeevich went to Leningrad where his oldest brothers lived, and
he passed the entrance examinations for the Pedagogical Institute named after
Hertsen, but for the son of a priest the way to the highest education was prohibited.
For Mikhail Sergeevich this was the end of all hopes and plans. However he
managed to get into the astronomical section of the physical–mathematical faculty of
Moscow University disguised as an exchange student. The dean’s office was not
happy with such a situation: they did not give him lodging in the student dormitories
and even tried to put obstacles to his presence at the laboratory work. Help came
from a relative from the mother’s side, Alexey Vladimirovich Zhdanov. He had a room
in a common apartment where he hosted Mikhail Sergeevich till he graduated from
the University. But Mikhail Sergeevich used any possibility to live with the students
and sometimes he passed the night at the conference hall of the observatory of the
University at Presnia. The sister of Molodensky’s colleague Vladimir Fedorovich
Eremeev remembers a poorly dressed boy who showed up at their place. Also the
nephew of Eremeev remembers him. Mikhail Sergeevich lived with the Eremeevs
occasionally, in particular during the war, splitting wood and once helping in
calculations for their home planetary. The Eremeev family was not rich either, they
did not have money for the train and Vladimir Fedorovich had to walk to the university
from Blagusha, a small village near Izmailovo. They kept their friendship for the
whole life.
Coming once back to the common dormitory, Alexandra Mikhailovna
Mameshina, an aspirant of the State Astronomical Institute named after Sternberg (or
Shternberg), found Molodensky in her bed with a very strong pneumonia. Mikhail
Sergeevich had got a heavy chill while determining the temperature coefficients of
pendulums (he was helping L. V. Sorokin). In this way Molodensky recovered from
the illness in the bed of his future wife in the women’s common dormitory of Moscow
University on Trifonovskaya Street, and she slept on the floor nearby. Mikhail
Petrovich Chumakov, his friend and fellow countryman found and helped him. The
conditions of study in those times was described by Heifets (1992) giving
characteristics of the style of life. (This article is published in the present volume with
the author’s additions. )
By the time when Mikhail Sergeevich became a student, the first Soviet period
of the comprehensive research of the Kursk Magnetic Anomaly (development of the
methods and instruments for the geophysical field work including gravimetrical
observations) was finished. By the same time, Krasovsky had finished planning the
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future astronomic–geodetic network of the Soviet Union, and in Holland, Vening
Meinesz had obtained the formula for calculating the components of the deviation of
the vertical based on a gravimetric survey. Without necessary confirmations, Vening
Meinesz stated that it was sufficient to know the anomalies of the gravity in a limited
surrounding area, which gave a reason for starting the practical works.
All these circumstances prepared for the beginning of the planned geodetic and
geological research of the whole country, contributing to the development of
geophysical methods of reconnaissance of natural resources. Teachers and
scientists of a new type become necessary. On the physical–mathematical faculty of
the Moscow University, a specialization in geophysics was introduced. Geodetic
problems entered the program of works of the University astronomic observatory
since its foundation in the beginning of the 19th century (Blazhko 1940). The deep
interest for geodesy of the mechanics professor F. A. Sludsky was not accidental. At
the University, an astronomic–geodetic institute was created, so there was a good
base for developing the preparation on higher geodesy and gravimetry. There was
also a desire to replace the astronomic specialization by a specialization “geodesy
and gravimetry”. To such a group, Mikhail Sergeevich was admitted. M. S. Zverev left
his memories about this period (1959); he studied with Molodensky in the same
group. The courses for gravimetry, theory of the figure of the Earth and spheroidal
geodesy were given by A. A. Mikhailov, triangulation was given by M. D. Soloviev,
and a course on grade measurements was given by F. N. Krasovsky, specially
invited by the students. Astronomical courses were given by S. N. Blazhko and S. A.
Kazakov, mathematical analysis by N. N. Luzin and A. Ya. Khinchin, theory of
differential equations by V. V. Stepanov, a course on numerical mathematics by S. A.
Kazakov, differential geometry and theory of surfaces by S. P. Finikov. Beskin
published his memories about the Moscow physmat faculty of the beginning of the
twenties (1993).
M. S. Zverev in the above–mentioned memories writes about the extremely
respectful relationship of the group of students and especially of Molodensky with
Feodosy Nikolaevich Krasovsky. A. A. Mikhailov in those years worked translating
the well–known monograph of P. Pizzetti (1913), and Mikhail Sergeevich
remembered with pleasure how they checked the results and corrected plenty of
misprints in the original text. In this way in 1933 the Russian translation became
much better than the Italian original. And this was not surprising because in Italy they
do not know that monograph so well as in Russia ...
His creative urge asserted itself: already as a student Molodensky improved the
method of Pevtsov’s pairs for determination of latitudes and published an article
about it in the “Astronomical Journal” (1931). In January 1931 S. N. Blazhko, the
favorite teacher of Mikhail Sergeevich, invited him to work in the Astronomic–
geodetic scientific–research Institute (AGNII) of Moscow University. Soon this
Institute, as well as the Astronomic Observatory of Moscow University, the State
Astrophysics Institute and the Astrophysical Observatory in Kuchino were put all
together in the Astronomic Institute named after P. K. Sternberg. Molodensky was
transferred to Kuchino to V. G. Fesenkov. There he was obliged to work on
photometry of black nebulae. F. N. Krasovsky and I. A. Kazansky invited Molodensky
to the gravimetrical section of the geodetic institute, which was soon reorganized in
the TsNIIGAiK. In Kuchino he finally found a room in a communal apartment. In this
room with him there also lived his father, and his mother started to live with daughter
Elena in Tula. But the quiet life did not last long: during a meeting dedicated to the
Party cleaning the “community” became aggressive on the fact that a former priest
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lived in the apartment of a scientist. N. D. Moiseev managed to support Molodensky
only morally, Fesenkov did not manage to support him at all.
Soon there was a possibility to be transferred for the main work to TsNIIGAiK,
which by that time was located in Leningrad. Mikhail Sergeevich and Alexandra
Mikhailovna got married in 1933 and lived in a Leningrad hotel paid by the Institute.
After some years TsNIIGAiK came back to Moscow and Molodensky’s family got a
room in a barrack at Potylikha. Till the war his father lived with them but during the
war he died in Tula.
In 1932 by the decree of the Soviet of Labor and Defense the principles for
realization of the state gravimetric survey were defined, and Mikhail Sergeevich at
once became one of the authors of the first “Instruction on the gravimetric works for
the general gravimetric (pendulum) survey of the USSR” (1935). One year before in
1934 there was published his work about the co–swinging of the support during the
swinging of a pair of pendulums with different amplitudes and arbitrary phases. There
is a letter of Molodensky to V. F. Eremeev dated 1935 from Leningrad: the first
attempt of computing the corrections for the co–swinging led to an improvement of
coincidence and a twofold decrease of the differences of the mean periods. The
reality of the corrections and the necessity of their taking into account were
established, and the method of calculation was simplified.
Besides the practical and theoretical works on the pendulum survey and
extremely important works on geodetic theory, Molodensky started absolutely new
work in 1938 for the creation of a new gravimeter (theory, construction, technology of
production, field tests). In the personal records of Molodensky there is a writing made
by himself: ”From 1938 till 1941 I had to investigate questions of the gravimetric
instrumentation”. The words “I had to” appeared most probable because his soul
aspired to theoretical works. But the gravimeter was urgently necessary, and
Molodensky created a system of his own. So in our country even during World War II
there appeared the first spring ring gravimeter of Molodensky (GKM). After the war
Molodensky took part in the creation of the ring astatized gravimeter GKA based on
the GKM. The instrumental and methodical works of Molodensky are described in
more detail by Heifets.
In 1951 Molodensky was given, for the second time, the State Award for the
creation of the GKA, together with colleagues. Earlier in 1946 he had received an
award for his monograph “Basic problems of geodetic gravimetry” (Works of
TsNIIGAiK, 1945, N 42). The work was defended by the author in MIIGAiK as a
dissertation for the degree of doctor of technical sciences (the degree of candidate he
had received in 1938 without defending). One of his opponents — N. N. Pariysky —
stated in all fairness that each of the five parts itself deserved a doctor’s degree. And
the opponent Mikhailov noted that the work transcended their time, opened a new
page in geodesy, and would be completely appreciated only in 50 years. The work
was indeed outstanding and in one year its author was elected corresponding
member of the Academy of Sciences of the USSR.
During the War Mikhail Sergeevich had an additional employment as lecturer at
the chair of gravimetry and geophysics of MIIGAiK (lectures and seminars for
students and aspirants). Not long before leaving the faculty in 1947 he proposed to
radically strengthen the preparation of the students of astronomic–geodetic
specialization in physics and mathematics but was not supported.
From 1943 until 1956 Molodensky was chief of the laboratory of gravimetry of
TsNIIGAiK. In 1946, as an additional duty, he became chief of section of gravimetry
in the Geophysical Institute of the Academy of Sciences of USSR. Since 1956, this
institute, already transferred to the Institute of Earth Physics (IEP), became the main
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place of work of Mikhail Sergeevich. In 1956 he, though not being a Party member,
following the order of the Party Central Committee, became the Director of that
Institute, in spite of the fact that such a work did not fit with his character. In the next
year it caused a severe illness which he did not manage to overcome. Nevertheless
he went on with intensive work, in particular on geodetic themes and since 1960 —
without being paid for it. Molodensky’s researches involved the main theoretical parts
of geodesy. They are represented in the monograph “Methods for study of the
external gravitational field and figure of the Earth” (TsNIIGAiK 1960), in preparation of
this book he was helped by Eremeev and Yurkina. This work now serves as a base
on which the modern geodesy develops. For the research described in this book and
for the work made on the research field of IEP on the elastic tides and free Earth
nutation, in 1963 Molodensky received the Lenin Prize.
To understand correctly the place of Molodensky’s works in geodesy it is
necessary to recall the main stages of its development for the last two hundred years.
Grade measurements permit, as it is known, approximately to determine the
mean curvature of the Earth level surface in the area of arcs under research.
Applying this method in Europe in the second part of the 18th century and the
beginning of the 19th century, demonstrated that the curvatures of the arcs under
research do not change in the way as it had to be on the level surface of an ellipsoid.
The gravimetric observations showed the non–constancy of gravity along the
parallels and a change along meridians different from its previous incorrect
computation. In particular this was shown by geodetic, astronomic and gravimetric
observations of Biot and Arago made as continuation of the French grade
measurements of the 18th century. This made up the additional volume of materials
“The bases of the metrical system” (Recueil 1821). As the result of these
experimental facts, in geodesy there appeared a new object for research: the “Earth
surface in a mathematical sense” (Gauss 1823), which later was called Geoid. The
necessity of geoid research seemed obvious because it corresponded to the
universal but not always well–recognized fact that topographic surveys determine the
visible Earth surface relatively to a unique level surface, the sea level (sphere or
ellipsoid earlier and now geoid). Without undue simplification we can state that all the
efforts of geodesy of the next century were directed to improving triangular and
gravimetric methods of research, not of the Earth but of the geoid.
The most important theoretical work on the geoid determination on the base of
gravimetrical data is due to G. G. Stokes (1849). Generalizing the theory of A. C.
Clairaut, Stokes proved that for the theoretical research of the planet’s surface, what
is important is not the state of the hydrostatic equilibrium, but the constancy of the
gravity potential on a level surface, which can have not only ellipsoidal but an
arbitrary form as well. In the less general form with a precision up to the first terms of
the expansion into series of spherical functions, this fact was known to P. S. Laplace
1785. The Stokes theory was original indeed: to the whole mass of the planet,
potential of the centrifugal force and external level surface of the planet there
corresponds uniquely the gravity potential in the external space and accordingly the
only possible distribution of gravity at this surface. The methods of the calculation of
the gravity potential and the gravity at the known geoid surface are based, as we use
to say now, on the solution of the first external boundary problem of potential theory.
It was taken into consideration that, for geodesy, it is necessary to solve an inverse
problem: the determination of the geoid on the base of the gravity on it. Stokes also
solved this supposing that the geoid is close to the level surface of a chosen
rotational ellipsoid of small flattening, so that it became possible to determine the
disturbing potential and together with it the small heights of the geoid above the
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ellipsoid. In such a case, the determination of the geoid reduces to the solution of a
third external boundary problem and the solution is the known series and integral
formula of Stokes.
Stokes’ solution was based on two important assumptions: the first that there
are no attracting masses outside the geoid, and the second that the gravity must be
measured on the geoid itself. In such a way, Stokes’ theory confronted geodesy with
two problems: the problem of the regularization of the geoid which makes the geoid
an external level surface, and the problem of reduction of the gravity measured at the
Earth surface and corrected for the regularization to the surface of the regularized
geoid. Indeed, Stokes himself gave the approximate solution of these tasks but an
adequate understanding for them appeared only by the end of the 19th century.
The main method of geoid research in the 19th and 20th centuries was the
method of the astronomic–geodetic networks, the grade measurements. The task of
reducing the measured horizontal angles, baselines, astronomic longitudes and
latitudes to the geoid was supposed to be simple enough. The measured horizontal
angles were considered equal to the corresponding angles at the geoid and the
problem at that time was only to reduce baselines and astronomic longitudes and
latitudes. It was considered that both reductions could be determined with sufficient
accuracy by the heights of the measurement points above the geoid (by orthometric
heights), and that these heights could be determined accurately enough by leveling.
The problem of regularization of the geoid was not studied in its generality, but only
sometimes in connection with some peculiar question, for example, the determination
of the orthometric corrections for leveling. All this led to the fact that the question of
the reduction of gravity did not play an important role in geodesy. In fact, it was
studied separately from the reduction of all the complex of astronomic and
triangulation measurements, receiving rather the character of tasks of geophysics
(the works of J. H. Pratt, G. B. Airy etc. ).
The interest for the reduction problem in its full generality increased at the
beginning of the thirties, when a possibility arose in our country for a practical use of
gravimetric deviations of the vertical in the astronomic–geodetic networks, and their
insufficient precision especially in the mountains was soon detected. Following the
initiative of Mikhailov and his general indications, a number of generalizations of the
Stokes theory were published for the case when the real geoid of the Earth is to be
determined: the non–regularized geoid (Molodensky 1948b). Solutions of this
problem were proposed by Moiseev (1933, 1934, 1935), Malkin (1934, 1935), and
Molodensky in two articles in 1936.
The attempts to improve Stokes’ theory did not give any noticeable practical
results: the problem of reducing the measured values to the geoid was not solved.
About this, Krasovsky wrote (1944) the following: “In the difficult problem of the
reduction of gravity, it is so far possible to mention only few achievements, in spite of
the fact of the great importance of the researches as such. As we think, here even
bright mathematical approaches do not give expected results because of the failure
to take into account geophysical aspects of the problem. ”
Molodensky in his monograph of 1945 introduced some additions to the results
of Moiseev. It was made easier to compare all the three researches, it was made
possible to interpret exactly all the variants of the theoretical solution of the problem
of regularization and reductions and to compare them concretely with the method of
condensation modified by A. A. Mikhailov in 1940 and 1945. It became obvious that
to determine the geoid it was necessary to know not only the gravity on it but in
addition that part of gravity which was caused by the attraction of the continental
masses. Molodensky 1945 wrote in his monograph (p. 30): “A rigorous solution is
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possible if we know the density, at each point, of all masses located outside the
geoid”. In his article of 1948 (p. 194) he added: “Even if all geological data are
known, a sufficiently precise reduction to the geoid is related to the solution of a hard
problem of potential theory, as the reduction is to be made to the unknown surface of
the geoid from the very complicated and also unknown physical surface of the Earth,
on which the boundary values are being determined immediately by the
observations”.
Many geodesists did not take seriously such a dependent position of geodesy
from geology; they even considered that it was good, because geodesy was entering
geology, and that means that it is necessary to build a bridge between the two
sciences. In such a way, for example, Krasovsky (1944) was thinking. This was also
supported by historic examples — geodesy required geology for isostatic
compensation. Simultaneously one studied the joint use of different data for concrete
tasks. Magnitsky used the geoid heights, determined in the astronomic–geodetic
networks, for determining local influences in the gravity anomalies (1945).
In such a situation in 1945, there appeared the article of Molodensky “The role
of geophysics and geology in the study of the figure of the Earth”. In this article the
author stated that when a gravimetric survey is completed, the additional astronomic–
geodetic network data or other data on the external gravity field did not produce
useful information on the masses needed for reduction. The geophysical researches
of Pratt, Airy etc. type could be interesting for geodesists from the point of view of
explanation of the results obtained by them, but they cannot be taken into account for
research on the Earth’s figure. All the geodetic measurements are being made on the
Earth surface. There are no attracting masses outside this surface, but the gravity
potential changes on it, which raises important difficulties. That is why one cannot
use the Stokes theory immediately. It is necessary to generalize it for the following
case: to use the Earth surface as the boundary for determining the disturbing
potential. Physical geodesy must become analytical. Molodensky’s monograph
(1945), in its third part, precisely stated: the task of geodesy is to determine the
external gravitational field and the surface of the Earth. With this change of the task
of geodesy the author had to specify the new concepts which replaced or generalized
the old ones. There appeared the normal (auxiliary) heights, very close to orthometric
heights but capable of being calculated from the measured data only. The height
anomalies which are fully consistent with the normal heights, are determined by the
external disturbing potential. They play the role of the geoid heights, but relate to the
Earth surface and indirectly even to the whole external space. The anomalies of the
gravity did not change formally (according the method of calculation), but this
happened because the anomalies were calculated on the geoid only with the free air
reduction, i. e. too simply, without taking into account the anomalies of the vertical
gradient of the real gravity. Now, in fact, the gravity anomalies have to be determined
at the Earth surface and it is necessary to reduce not real but normal gravity. For the
purpose, however, the free air reduction became necessary and sufficient!
The deviations of the vertical were calculated in an analogous way: it is
necessary not to reduce the direction of the real force line to the geoid for
comparison with the direction of the normal to the ellipsoid, but the direction of the
tangent to the force line at the very point of measurement must be compared with the
direction of the normal to the ellipsoid or with the direction of normal gravity. The
difference of these two methods of calculation of the meridional component of the
deviation of the vertical corresponds to the well–known Gaussian correction of
0”,171H sin2B.
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It was customary to consider that this approximately determines the curvature of
the real force line and approximately reduces the observed astronomical latitude of
the measurement point to the geoid. But it happens in Molodensky’s theory that
Gauss’ correction is necessary for comparing the direction of gravity with the normal
gravity direction at the same point. And in general it is impossible anyway to reduce
measurement values because the required additional information is usually unknown
in principle. To compare the measured values with the normal ones, the latter must
be calculated at the places of the measurement. From the new view of reduction it
followed, that the boundary condition for the disturbing potential had to be related not
to the geoid surface but to the real Earth surface, where all the geodetic
measurements are being made. This is why even the disturbing potential can be
determined only outside the Earth surface or on it. It is possible to solve the problem
again in a linear approximation, not at the geoid as it was made by Stokes, but now
at the Earth surface. When determining the disturbing potential, there again appears
the third external boundary problem, but now with an oblique derivative. In the
boundary conditions of Stokes and Molodensky there is the derivative of the
disturbing potential with respect to the line of force, but in Stokes’ case the plumb–
line strictly coincides with the normal to the boundary surface (geoid), and in
Molodensky’s case there appears a difficulty: the force line does not coincide with the
normal to the new boundary surface (Earth surface). That is why the vertical
derivative of the disturbing potential becomes oblique relatively to the boundary
surface. The necessity of taking this into account leads to the appearance of the
derivative not only with respect to the ellipsoidal normal, which is simple to represent
through the gravity anomaly and the disturbing potential, but to the appearance also
of the two derivatives in directions orthogonal to the ellipsoidal normal: the two
components of the deviation of the vertical. It is very ingenious how the author was
able to eliminate these terms under the integral sign and found, exactly in the linear
approximation, a linear integral equation which contains only one unknown: the
disturbing potential at the Earth surface, and the term on the right–hand side
depends on the gravity anomalies only. The solution of the integral equation
determines both the Earth surface and the external gravity field, as well as all other
quantities of interest to the geodesist.
By the way, we should mention one detail of Molodensky’s theory which goes, if
we can say so, beyond the limits of geodesy and is of general mathematical interest.
The integral equation referring to the unknown Earth surface is transferred by the
author to the surface determined by the normal heights, which is now called telluroid.
This caused an error in the result which was estimated by him and proved negligible
within the frame of the linear problem. Now the operation of transferring from the
Earth surface to the telluroid can be practically omitted. For this it is enough to use
the space triangulation points, the heights of which above the ellipsoid are
determined very exactly, and in some points one must add, to the normal heights, the
height anomalies, known as usual with an error not greater than 3 m. In this case the
slowly changing errors of the height may be neglected.
These errors will be rather unimportant for solving the boundary problem even
in the future. Nevertheless the problem exists and its research attracted the attention
of the mathematicians Krarup (1969), Hörmander (1976), and Sanso (1978).
In their works from the point of view of a geodesist the importance of non–
linearity of the Molodensky problem was overestimated. The good precision of the
Earth surface determination by leveling and Stokes’ formula, was not taken into
account, not to speak of space triangulation and GPS. But from the mathematical
point of view also Giraud’s theory (1939) was not taken into consideration, which not
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only proves the existence of the solution, but also expresses it in an explicit form by
means of a single layer on the Earth surface. The solution of the problem will be
obtained by solution of the corresponding integral equation. The non–linearity of the
problem plays the less a role, the less is the order of the gravitational potential
derivatives, which it is to be determined. A certain role is played by Sagitov’s (1983)
connection between the detailed knowledge of the density distribution and the orders
of the potential derivatives. Giraud’s theory supposes a continuous distribution of
data on the boundary surface, but the gravimetric observations are discrete. Thus the
survey has to be made with such density of stations that the results of the
measurements can be interpolated between the gravimetric points. The connections
between the survey density and the resulting precision, taking into account the terrain
characteristics, are well studied, so that within the limits of the required precision it is
possible to consider the initial data as continuous.
The book of Kupradze et al. 1979 contains a criticism of Hörmander’s approach.
In the most precise solution the single layer it is to be distributed not on the telluroid,
but on the Earth surface. Then the corrections for non–linearity of the solution may be
determined by a method of Newton–Kantorovich (Kantorovich and Akilov 1982).
More details on these questions were given by Yurkina (1981). But let us come back
to Molodensky’s works on theoretical geodesy.
In the article (1948a) he obtained a new and simpler integral equation for a
single layer density at the Earth surface, the potential of which outside the Earth is
equal to the disturbing potential. Investigating this equation, Molodensky came to the
conclusion that a particular solution exists for a spherical reference field, if the initial
data do not contain errors. The coordinates of the mass center of the Earth and the
gravity potential at the origin of heights enter into the general solution as unknowns.
Those four additional unknowns, as it was described in the book of 1960, may be
determined on the base of a gravimetric survey of the whole Earth and a wide
astronomic–geodetic network. The last unknown which earlier was solved by grade
measurements, now, together with the world gravimetric survey, received a new
sense. The old method of grade measurement combined with an additional local
gravimetric survey is now being solved very precisely by astronomic–gravimetric
leveling.
The above–mentioned condition of errorless gravity anomalies does not depend
on the ellipsoidal reference field. That is, a particular solution of the task exists even if
the given gravity anomalies are arbitrary (Eremeev, Yurkina 1972), and in this way
the requirement of absence, at the sphere, of the harmonic of the first degree in the
expansion of the gravity anomalies is not necessary.
In the following years Molodensky proposed some solutions of the equation of
1948 and in his monograph of 1960 exposed a very general effective method which
found its practical use in other solutions of the boundary problem (Brovar 1993). The
theoretical research described here comprises studies and solutions of geodesy’s
main task, Molodensky’s problem. It is possible to formulate it in the following way: if
gravity and differences of its potential are measured at the Earth surface, to
determine the Earth surface and its external gravity potential, if also the potential of
the centrifugal force and the Earth mass or the distance between two distant points
are known (Brovar, Magnitsky, Shimbirev 1961). It is proved that the solution of the
problem always exists and is unique. The mathematicians (Guenther 1987, Jorge
1987, Danilov 1996) confirmed the correctness of the solution, including the
possibility of the corrections in a linear approximation.
The investigation of the main problem of geodesy leads to a natural unification
of Molodensky’s problem with the first and second boundary problems into a more
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general problem (similar to the unification of the direct problem with the inverse
problem), analogous to a relation between the solutions of the three boundary
problems of mathematical physics.
It is possible to change the initial data in Molodensky’s problem in keeping with
the needs of practice. In a joint solution for different parts of the surface it is possible
to use boundary data of different types: mixed anomalies at the ground and usual
anomalies at the sea surface. To each type of data there corresponds its own type of
integral equations, and it is possible to solve them jointly. The possibility of such a
mixed problem solution was shown by Vishik and Ladyzhenskaya in 1956. The
satellite altimetry data also are included into the number of boundary data. It is
possible to solve overdetermined problems. The results of the laser satellite and GPS
tracking can replace the grade measurement data. In this way, modern geodesy
problems received a mathematical foundation and took an appropriate place in
mathematical physics.
In the thirties, besides the necessity to solve exactly the problems of theoretical
geodesy, Soviet geodesy was also faced with other urgent tasks, caused by the huge
extension of our astronomic–geodetic network. With the advance of the triangulation
through Ural, it became clear that the practical use of the ellipsoid of Bessel, which
was used as the reference ellipsoid with orientation in Pulkovo, was no longer
adequate. Izotov, under guidance of Krasovsky, began to determine the semi–major
axis and flattening of a new ellipsoid, which as far as possible could be used for the
whole Earth. A systematic study of the Soviet and foreign triangulation material was
started. In 1940 the dimension and the flattening of the Earth ellipsoid were
determined.
According to the opinion of Feodosy Nikolaevich, another source of errors was
the method of translation used in processing the astronomic–geodetic network.
Krasovsky indicated the necessity of passing to the method of projection, involving
additional reductions of the baselines from geoid to ellipsoid. The most detailed
account can be found in Krasovsky’s book 1942. According to the calculations of
Feodosy Nikolaevich, the precision of the astronomic leveling was not satisfactory for
this purpose. The errors of the translation method were insignificant in small
territories where the necessary precision could be obtained by diminishing the
distances between astronomic points. This was impossible in our country. The
possibility to determine the vertical deviations by gravimetric data with sufficient
accuracy was made clear by gravimetrists of the TsNIIGAiK, a method of calculation
was worked out, and Krasovsky gave to Molodensky the task to improve the
precision of astronomic leveling without increasing the total number of astronomic
observations, by a new use of the gravimetric data. Kazansky and Eremeev
remembered that first Feodosy Nikolaevich considered the possibility to solve the
problem with the use of isostatic reductions. Later he began to give more importance
to the use of gravimetric data in astronomic–geodetic works in general and to
astronomic leveling in particular. One can follow the change of his views in his
publications. He started to consider the idea of astronomic leveling made more
precise with gravimetric data instead of using topographic–isostatic reductions in
1934. And in 1935 Krasovsky wrote: “Fortunately we have competent and talented
workers to go on in this direction ...” In 1936 he already described briefly the so–
called bifocused grid and the principle of astronomic–gravimetric leveling. A detailed
description of the ideas underlying the method: evaluation of the minimal radius of an
area of gravity anomalies and calculation of the grid, was published by Molodensky in
1937. At the end of his article the author wrote: “The work presented here was made
in the Scientific Research Institute of geodesy, cartography and air survey in 1935
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under the general supervision of Professor Krasovsky, by whose initiative it was
included into the science–research plan of the Institute, and Professor Kazansky, the
leader of the astronomic–gravimetric section of the Institute”. The institute was soon
named Central Scientific Research Institute of Geodesy, Aerosurvey and
Cartography (TsNIIGAiK). It is now clear whom Krasovsky had indeed a competent
and talented coworker. The article about the first practical realization of astronomic–
gravimetric leveling, made together with Lozinskaya, was published in 1939. In 1939,
the work was continued by B. V. Dubovsky in a more extensive way, involving
significant territory, and permitting to reduce the baselines for the ellipsoid of Bessel
more precisely and to pass on to the new processing of the astronomic–geodetic
network.
In 1943 the astronomic–gravimetric leveling was repeated on the new ellipsoid
of Krasovsky with the previous orientation in Pulkovo. The reduction of the baselines
to this ellipsoid permitted first to eliminate systematic influences of the error in
Bessel’s ellipsoid and second to perform the new network adjustment with the new
optimal orientation of the “reference–ellipsoid of Krasovsky” (Izotov 1948).
In 1944 Molodensky paid attention to another profound difference of the two
methods of the processing of astronomic–geodetic data. In the method of translation
of the triangulation, an incomplete and consequently incorrect reduction of the
baselines (as if it was for the geoid instead of the ellipsoid) leads to incorrect
calculation of the lengths, and this method forces us to lay out (“translate”) these
lengths at the ellipsoidal surface. Thus the calculated differences of geodetic
coordinates are systematically distorted. Astronomic latitudes and longitudes and
calculated geodetic coordinates result in being related to different points of the
ellipsoid and do not characterize the angle between the plumb–line and the
ellipsoidal normal. Molodensky detected the connection between the coordinates
obtained by these two methods: the connection between “mixed” and “proper”
deviations of the plumb–line. As an example, the corrections of coordinates were
calculated along a parallel, permitting the passage from one method to the other. The
TsNIIGAiK’s workers were indeed shocked: the readjustment of the network, which is
very difficult to perform, was in a way replaced by an integral along a parallel.
Differences in longitudes at almost all the closer points did not exceed 0,04”, but
numerous big differences were related to points distant from the chosen parallel. In
1959 Irene Fischer described the use of this method for correcting the results of
network translation along the giant arcs from Canada to Chile and from Scandinavia
to South Africa. The corrections described are small within an angular distance of 300
from the starting point, then they start to rise quickly and finally reach the order of the
values under determination: geodetic coordinates in the method of translation
become poorer than astronomic coordinates. In the astronomic leveling of America
over a distance of 400 (from Meades Ranch to equator), corrections were on the
order of some meters, but in the Southern hemisphere at 30° of southern latitude
they reach up to 40 meters, and at –40° already 60 meters. In Africa at the latitude –
− 34° the correction reaches up to 100 meters for an arc beginning at the latitude
+65°.
Molodensky’s corrections were described in the book of Pellinen 1978 and
researches were continued in his article 1983. It was proved that by calculation of the
heights of the quasigeoid in large territories the indirect effects could exceed the
influence of the direct effects. The detected dependencies were used in our country
during processing each link of triangulation. Besides the longitudinal displacement he
took into account also the transverse displacement caused by distortion of Laplace
azimuths due to incorrect geodetic longitude.
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During many years, Mikhail Sergeevich Molodensky was occupied with different
questions of geometric research of the Earth surface. New proposals were described
in the work in 1954. In its entirety, this direction was presented in the book 1960. In
this work there was important its direct connection with the general new view upon
the tasks of geodesy: the necessity of research of the Earth surface in space and
consequently the rejection of solving tasks on the ellipsoid surface with the help of
geodesic lines. This new view of the tasks of geodesy made somewhat more difficult
the passage from the horizontal angles measured in triangulations to angles between
the straight lines connecting the points, but this difficulty has a computational
character only. The new approach permitted to reject, in spheroidal geodesy, in
principle the methods of differential geometry and to use simple methods of analytical
geometry of coordinates transformation in space. The essence of the method
consists in using the spatial geodetic coordinates. Exact formulas, containing only
elementary functions and suitable for any distances, appear instead of elliptical
integrals or series otherwise used in geodesy. Preliminary reductions to the ellipsoid
can be used as well, but only as a convenient computational method. Such an
approach is connected logically with the geometrical methods of space geodesy.
However, colleagues did not in general adopt the passage to chords. But already in
the degree measurements from Dunkerque to Barcelona, which served as the base
for establishment of the meter (at the end of the 18th century), Delambre performed
his computations in terms of spherical triangles, using a theorem of Legendre 1789,
as well as in terms of plane triangles of chords between ellipsoidal surface points. In
the last case it was necessary to use special tables. The simplicity of Legendre’s
theorem, his support by Gauss (1841) and the Clairaut–Gauss theory of geodesic
lines, developed in Gauss’ differential geometry of surfaces (supporting the role of
personality in history!) replaced the use of chords, complicating the computation of
triangulation and hence the bases of geodetic education during more then 150 years.
The theorem of sines, proved by Grunert (1855), for the triangle of chords (the
measured angles must be reduced by a fourth part of the spherical excess), very
analogous to Legendre’s theorem, did not bring back the interest in chords. In Russia
the chords were so well forgotten that the announcement of Milan Burša about
Grunert’s theorem was met with surprise. Now no one could doubt the correctness of
Molodensky’s approach.
All we said about Molodensky’s works in geodesy involves, most probably, the
principal but not all the content of his researches. Some works have a more particular
character in spite of the fact that they are related to almost all the fields of modern
geodesy and their particularity is relative. Now it is necessary at least to recall them
and to say a little about their use and further development.
1. By a unique new method all the spherical boundary problems which can find their use
in geodesy were solved. Errors of certain previous solutions were eliminated. One of
the new formulas is used to express the gravity anomaly through the geoid heights (in
practice through the measurable heights of the sea surface above the reference
ellipsoid). This formula was published almost simultaneously by Magnitsky and
Molodensky in 1945. As it was mentioned by Magnitsky, Rao in 1935 expressed the
solution of this problem by a divergent integral. The other new formula of Molodensky
expresses the geoid height through the deviation of the vertical and solves a problem
posed by Callandreau in 1901. The solution of Callandreau himself was expressed by a
divergent integral.
2. The theory and the practice of astronomic–gravimetric leveling were modernized
(Ostach 1970, 1994), the field of taking the anomalies into account was reduced.
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3. Mistakes in researches of de Graaff–Hunter were shown. A rigorous method of
evaluating the influence of missing gravity anomalies in the distant zones on disturbing
potential and deviation of the vertical was elaborated. The method is based on
acceleration of convergence of Stokes series. Now those formulas serve for calculating
the influence of distant zones on these quantities. They simplify and accelerate the
computation, permitting to divide naturally ground and satellite information. Numerous
modifications were obtained, considerable literature was published in Russia and
abroad, and they are used everywhere.
4. The solution of Stokes’ problem for the ellipsoid was given with a relative error on the
order of the square of the flattening (1956). The solution laid the base for numerous
modern methodical achievements. It was used for finding new solutions for creating a
more precise theory of Earth surface research, as well as for the solution of other
geodetic questions connected with taking into account the Earth’s flattening.
5. The investigation of errors in gravimetric surveys, ways of diminishing them through
indirect interpolation considering the influence of topography; the influence of errors of
a survey and its effect on the precision of calculations of deviations of the vertical
(1945). These researches which were initiated by de Graaff–Hunter (1935), in the
following years received a significant development and were particularly improved by
using statistical methods of processing of observations.

Sometimes one can meet the opinion that Molodensky’s theory consists in the
solution of a boundary problem or even in the solution of an integral equation. Of
course this impression is not correct. It shows that only some sides of Molodensky’s
works were considered; their fullness, the unity of the created theory and what is
most important, the novelty of the ideas are missed. Molodensky’s theory is a new
theory of geodesy but not an addition to a previous one. Clairaut’s geodetic theory
starts from the assumption that the Earth surface depends on one parameter (the
Earth’s flattening) and establishes its connection with the change of gravity at that
surface. Stokes’ theory rejects Clairaut’s hypothesis and sees its task in determining
the geoid as a replacement of the Earth surface. Molodensky’s theory, however,
determines this very surface. It put in front of geodesy a new aim, and the methods of
solution are based only on two suppositions: the correctness of Newton’s law and
absence of change in time of all initial data.
Of course until 1945 in geodesy there existed the understanding that there were
some mistakes in the theory (uncertainty of observed astronomic latitudes and
longitudes, reduction to the geoid, questionable methods for calculation of
orthometric corrections in the leveling networks, reduction of baselines etc.), but all of
them were studied separately and were not considered too important. For the
practice of those times such view at “small” theoretical defects was justified to some
degree.
Molodensky’s theory gathered isolated parts of geodesy, for example
triangulation and leveling, established their connection, freed geodesy from a
principal approximate character of its solutions. A more enlightened view was
necessary in the modern rapid development of new measurement techniques. Only
Molodensky, for the first time, put in front of geodesists and solved a really scientific
task: to study the geoid approximately, but to precisely study the Earth surface and
its external gravitational field in a uniquely defined coordinate system and to study
them as precisely as the measurements permit. The previous theory of a regularized
geoid had to be adapted to the geodetic needs, but in fact it did not have a direct
relation to the geodetic practice. That is why during the course of the development of
geodetic measurements there appeared different improvements, additions,
generalizations in Stokes’ theory, etc. A harmonic combination of geodetic
measurements with solutions of geodetic tasks was realized only in Molodensky’s
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theory. It examines and uses these very measurements, for the present as well as for
the future.
From such an understanding of Molodensky’s theory, the conclusion follows
that it cannot become obsolete by a replacement of one solution method by another
or by a modernization of processing methods or by new measurement techniques.
New types of measurements (GPS, satellite altimetry for leveling of the sea surface)
or planned ones (satellite gradient measurements) are well within the scope of the
theory, demanding only an improved precision of it. It is always possible to improve
the precision of Molodensky’s theory. And that would not be a new theory but only its
further development.
A new understanding of geodesy permits to examine any concrete task as a
component of the general task of geodesy. For example in the local geodetic works
with precision of 10E–6 for transferring an engineering project to nature it is
necessary to take into account height anomalies, deviations of the vertical and other
realities of the general theory. It is also essential that every task can be solved with a
precision permissible by the measurements. So, for example, very rare pendulum
surveys permitted to interpolate astronomic latitudes and longitudes, but the modern
gravimetric surveys allow in many cases to do without measured astronomic
coordinates due to their insufficient precision. Another example: it is assumed in
Molodensky’s works that the gravity potentials, at all origins of heights reckoning in
isolated leveling networks, are equal, and to determine them it was proposed to use
astronomic–geodetic networks of different continents. The combination of space
observations points with the points of isolated leveling nets gives now the possibility
to determine the potentials in these initial points of each leveling network and the
possibility to ensure their independent control. It is clear that the general Molodensky
theory is only supplemented by this.
The value of the theory is displayed in its unity. The quantities which are to be
determined form a system, and neglecting this circumstance can destroy the unity of
the theory. So, for example, in some countries up to now no one pays attention to the
system of normal heights, examining it as one of the possible height systems. The
general significant improvement of measuring precision makes western geodesists
pay more attention to the normal height system and to use it as the only one
consistent with the general theory (Groten 1995, Yurkina 1996). Measurements and
methods of solution will of course improve, taking into account more and more
refined effects. Both suppositions underlying Molodensky’s theory are being
somehow taken into account already now. The principle of the simultaneous
determination of movements of measurement points and gravity field changes were
envisaged by Molodensky in his article already in 1958. The passage to the global
study of the changing gravity at the changing Earth surface will bring geodesy
(according to Molodensky –– kinematical geodesy) close to geodynamics and
astronomy, and the basic theory of gravitation will permit in principle to comprehend
in a unique theory the sources of other types of energy. It will permit the future theory
of geodesy to enter the future theory of geophysics.
To complete the description of Molodensky’s role in formation of the
contemporary view on the tasks of theoretical geodesy let us once more look at the
works of some predecessors. This is quite necessary because there exist some
unclear points in this matter.
All the researches of the Earth figure theory till 1931 were based on the
previous simplification of the problem: the Earth is taken as a geoid, and
measurements are supposed to be made on it. It is very difficult to establish the
consequences of such a simplification. Jeffreys 1931, 1932 for the first time took
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Green’s formula as a starting point. This formula determines the external gravitational
potential of the Earth by its values and its normal derivatives at the Earth surface.
Molodensky gave a great importance to a rigorous mathematical methodology,
always followed it himself and well appreciated Jeffreys’ merit in the monograph
1945. But Jeffreys, as everybody, saw the task of geodesy in the determination of the
potential at the geoid, and Green’s formula was used by him to prove the importance
of free air reduction for the reduction of gravity to the geoid. Jeffreys noticed that this
view goes back to Stokes himself who specially accentuated this circumstance in a
reprint of his work in 1883 (in the last paragraph of section 13). In other places of
Stokes’ works there were also similar indications. Nevertheless, when Molodensky’s
monograph, recalling Jeffreys’ works, became known in the West there appeared
attempts to denote Molodensky’s theory as theory of Jeffreys – Molodensky or simply
a New theory, with the understanding that in its development many people took part.
This mistake soon was recognized and left long time ago.
As it was mentioned the first theory of geoid for a nonregularized (real) Earth
was elaborated by Moiseev, Malkin, and Molodensky. An important step in
understanding the tasks of geodesy was made by Moiseev. In his article in 1933 he
wrote: “... it was proved many times that with some reasonable assumptions the
regularized Earth geoid will very little differ from the real Earth geoid. This does not
tell anything about how much will be the deviation of the gravity field for the
regularized Earth from the field determined by the real Earth, in the space between
geoid and Earth surface. But it is necessary to consider this question as real. The fact
is that the geodetic practice often requires, not theoretical gravimetric relations at the
geoid, but the corresponding relations at the Earth’s physical surface, for instance
vertical deviations.”
Thus it is necessary to recognize as valid the attempt to examine the situation
close to the real Earth rather than for a regularized Earth. The contents of this article
is devoted to an elementary solution of one of the preliminary questions connected
with such an attempt. The same idea was put in a German version of Moiseev’s
publication in 1934.
Even now, after so many years, this statement remains valid. Still, Nikolay
Dmitrievich Moiseev did not try to determine the external Earth potential, in spite of
the fact that he saw the necessity to solve this problem, at least for the determination
of the vertical deviation. What to do with the geoid height, Moiseev most probably did
not know yet. The quotation showed also that only the conceptual difficulties made
him use again the smooth surface of geoid as the boundary. Malkin and Molodensky
in subsequent publications gave other, more complete solutions, which expressed
the height of the nonregularized geoid. (Moiseev deduced only an integral equation
for this height). The methodology remained the same but Malkin saw the necessity to
improve it. In his articles about determination of a nonregularized geoid, he
mentioned the need for modernizing the mathematical apparatus up to a stage when
it would not be necessary to change the Earth, even at the cost of complicating the
calculations (Malkin 1934, 1935). It is possible to say that these works concluded
Jeffreys’ attempt to determine the geoid using the real Earth’s external potential.
Two articles of Migal 1939 are also related with this matter. He deduced the
boundary condition for the disturbing potential T at point A of the Earth’s physical
surface:
∂T 2T
+
∂r
R

= −g A + γ 0 −
A
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2g n H
R

,

where g is the mean value of the gravity inside the continent masses along the height
of the point A above the geoid. The height N of the non–regularized geoid above the
sphere (ellipsoid) is to be found. It is connected with potential T and orthometric
height H by the equation
γ 0 N = TA + (g n − γ 0 )H

,

where γ 0 is mean normal gravity at the height H. The author did not really give a
solution of the boundary problem for the Earth surface; in fact, he proposed to use
the simple Stokes’ formula.
For the customary approximate free–air reduction of gravity to the geoid,
2gH R , Migal gave a new interpretation of the free–air anomaly in the second
article: he proposed the normal gravity reduction to the Earth surface − 2g (H + N ) R .
It permits to represent the gravity anomaly at the Earth surface as
g − [γ 0 − (2γ R)( H + N )] or g − [γ 0 − (2γ R) H] . The author correctly saw the value of
such an interpretation in the fact that the masses were not moved at all. It is
important for gravitational prospecting. This view at the anomalies was retained in
Molodensky’s theory.
Malkin 1939 made an attempt to determine the external Earth potential in his
short Notice 2 to the article “About the geoid figure determination by gravity
observations”. We give the text of the notice translated from French almost
completely.
“Let us consider the determination of the Earth’s physical surface without
reductions and condensations. We can suppose that the observation point height
above sea level (independently of the true knowledge of the geoid) is known. Then
the error in geoid determination causes a similar error in the Earth physical surface.
Let n be the normal to that surface S, gn and δgn projections of gravity and of its
anomaly onto this direction n and onto the plumb–line direction ν. It is possible to
write the integral equation
⎧
⎫
⎡ g
∂1
∂g n cos(n, ν) ⎤⎥ ⎪
cos(n, ν) ⎪ δg n
r
n
dS + ∫ ζ ⎢
dS ⎬
ζ=
⋅
+
⎨
2πg n ⎪ ∫s r
cos(n, ν) ∂n
r
∂n
⎥ ⎪
s ⎢
⎦ ⎭
⎣
⎩

,

(14)

where all values are related to the Earth’s physical surface, and therefore there is no
need to reduce the gravity to sea level ...”.
In equation (14) the author preferred gn = g cos(n,γ) to the directly measured g.
In the next work in 1939, published in 1944, the equation was rewritten in the more
convenient form
⎧
⎫
⎡ ∂1
∂g n cos(n, ν) ⎤ ⎪
1 ⎪ δg
r
⎢
⎥
ζ=
+
⋅
dS + ∫ ζ g ⋅
dS ⎬
⎨
∂n
∂n
2πg ⎪ ∫s r
r
⎥ ⎪
s ⎢
⎣
⎦ ⎭
⎩

and it was indicated that it was derived from Green’s formula for the disturbing
potential
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1
1 ⎡⎢ ∂ r ∂T 1 ⎤⎥
T=
T⋅
−
⋅ dS
2π ∫s ⎢
∂n
∂n r ⎥
⎣
⎦

.

This explanation permits to state that in the deduction of the integral equation a
mistake was made in calculating ∂T ∂n . The author denoted the value ∂g n ∂n in the
article above as “the second derivative of the gravity with respect to the normal to the
physical Earth surface”. Here we can again see the confusion: it is possible to
recognize at once that the author bears in view the second derivative of the gravity
potential, or even better, the second derivative of the normal gravity potential. In any
case there were reasons for the last interpretation in the author’s text. But the
equation would be incorrect even with such corrections. There is no need to give
here the correct derivation of Molodensky’s integral equation, because we have
already mentioned it. More interest represents another article of Nikolay Romanovich,
published together with the previous one (1944 and 1949), “On the calculation of
vertical deviations from gravity anomalies in mountains”. The disturbing potential is
presented as a sum of two terms: Stokes’ solution and the potential T of a single
layer, distributed on the Earth surface in a neighborhood of the point, where the
vertical deviation is to be determined. The final formulas for this simplified case were
obtained correctly, the measured mixed gravity anomaly is supposed to be equal to
the proper anomaly as it is usually made in gravitational prospecting.
Let us mention right here that in the same year of 1944, in a scientific–technical
report of TsNIIGAiK, Molodensky not only exposed the main ideas of the 1945
monograph, but in addition gave some variants of transformation of Green’s formula,
showing interesting ideas about their comparative advantages as well as their links
with the analytical continuation of the potential into the masses, touching other
questions as well. This part of the report, unfortunately, did not enter into the
published works of Molodensky.
The idea of precision of Jeffreys’ approach was expressed by Molodensky even
earlier. There exists a letter of Molodensky to Eremeev dated January 2, 1943 with
the title “Plan of dissertation on the theme: Theoretical bases of geodetic gravimetry”.
Here is this letter:
„1) Analysis of Stokes’ formula
a) Stokes’ infinite series
b) Pizzetti’s deduction
c) Mixed problem of potential theory
d) Jeffreys’ deduction
e) Connection with the integral equations and formulas of Molodensky, Malkin, and
Moiseev
f) From the comparison of all the conclusions — why is the condition g1 = 0 inevitable
and what does it mean physically?
2) Analysis of models and theory
a) Why does Moiseev’s formula not take into account ∂g ∂z , giving less mistakes than
Stokes’ formula ?
b) To add the influences of the vertical gradient anomaly to Moiseev’s deduction and to
compare the result with Molodensky’s formula
c) To pay attention to Jeffreys’ deduction, to try to avoid additional mistakes, to develop it
further and to compare it with Molodensky’s and Moiseev’s formulas.
d) Would it be possible to apply Jeffreys’ deduction to Prey’s Earth ?
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e) To try to solve Molodensky’s equation.
f) How ∂g ∂z can influence Hirvonen type conclusions or even the flattening
determination according to Clairaut?
g) Why do topography and ∂g ∂z influence the vertical deviation with different signs? Is
not this phenomenon connected with isostasy — more exactly, is isostasy not partly a
result of neglecting the vertical gradient anomaly ?
h) If it is impossible rigorously to solve Molodensky’s equation — to prove the
convergence of successive approximations.
i) Is the supposition correct that the question on the gravity reduction to sea level need
not be solved rigorously in a general form (if, for example, would it be possible to solve
Molodensky’s equation by the simple use of the topographic correction?)? To find out
the connections between “topographic correction” and “Geländereduction”.
3) Conclusions:
a) Is it possible to use Clairaut’s formula and if not, which corrections do we need to add
to it in order to determine the flattening only?
b) Is it possible to use Stokes’ formula in investigating the general geoid figure and is it
necessary to add some corrections to it?
c) The correct approach in research of the local geoid figure. ”

Then an addition comes: “Composed by Mikhail for Volodya. If it is not possible
to settle all these questions together –– try not to forget and do the best you can”.
Probably Molodensky informed Eremeev about the primary plan of his own
dissertation: the monograph of 1945. Molodensky proposed Eremeev to study a
number of questions which attracted his own interest. Nearly all the questions found
their solution in the monograph of 1945 and in the forthcoming works. The necessity
to develop and make precise the approach of Jeffreys (item 2c) was clear to
Molodensky in the beginning of 1943 and most probably even earlier.
All written here about the works of predecessors shows that it is not possible to
consider the idea of Earth surface research completely pertaining to Molodensky.
The proposals of Jeffreys, Moiseev and Malkin are not original either. Stokes already
in 1849 wrote the following: “We do not, however, want the potential at any point of
the interior, and in fact it cannot be found without making some hypothesis as to the
distribution of matter within the earth”. (It is the text of 1849). But it appears that
Stokes’ important remarks were completely forgotten. The outstanding geodesists of
the past understood that the Earth figure and its external gravitational field
determination was not possible by means of the geoid and orthometrical heights. This
was mentioned by Helmert 1884, p. 502 and by Pizzetti 1906 –1925, p. 206. In the
last century only Jeffreys, Mikhailov, Moiseev, Malkin, and Migal to certain degree
understood the necessity to modernize Stokes’ theory of geoid determination and
made attempts of at least its partial solution. But none of them did not even come
close to a solution of the problem, not to speak of creating a unified theory for the
whole modern geodesy. This great task in the full generality was elaborated almost
quite exclusively by the works of Mikhail Sergeevich Molodensky.
Nowadays Molodensky’s theory is recognized. But the recognition came with
many difficulties, giving many sad minutes to Molodensky. Chebotarev, who by that
time was one of the leading MIIGAiK’s professors, after Molodensky’s report said:
“The matter disappeared, only the formulas are left”, and at one of the geodesy
section meetings he also said: “The baby was thrown out of the tub together with the
water” (Chebotarev meant the rejection of the geoid as the main surface representing
Earth). Molodensky answered to this statement quietly, without pathos: “The
continents remained at their places”, “The work was made on the base of Newton’s
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law”. Just after the defense of the doctoral dissertation Molodensky’s work was sent
from MIIGAiK to the Academy of Sciences for examination. The work was highly
appreciated by the experts and Molodensky’s report at the Presidency of the
Academy contributed to his election as a corresponding member. For the first time
the advantages of the normal heights over the orthometric heights were officially
approved. At a special meeting of the geodetic section of TsNIIGAiK’s Scientific
Council with the support of Danilov, Larin and Chebotarev, there was approved
Eremeev’s work published in 1951 about the practical calculation of the normal
heights and comparison of them with the orthometric and dynamics heights. The
normal heights entered the geodetic practice of the USSR. The normal heights
system was officially introduced in France (Kasser, 1984) and in Germany (Grote,
Denker, Torge, 1995). It was indicated in the last article that the introduction of
normal heights was to be expected in Europe. (The normal heights were introduced
also in China (Chen 1994)). So, in discussing geoid determination, very often one
means the application of Stokes’ theory only as the first approximation to
Molodensky’s theory. Only the reductions necessary in Molodensky’s theory are
being taken into account. The topographic–isostatic reductions are being used as an
interpolation method. Only in Austria, as far as it is known to the authors, a special
map of distribution of density in the Earth’s crust for calculating the geoid figure and
orthometric heights exists, because neglecting such corrections leads to errors in
geoid heights and vertical deviations up to 20 cm and 3’’ (Suenkel, 1986).
Molodensky’s works left a permanent track not only in geodesy. He devoted the
second part of his life to Earth physics, without leaving geodesy, studying elastic
oscillations, rotation and structure of the Earth as expressed by its free oscillations.
The necessity of such investigations is clearly a task of theoretical geodynamics as
well as a means for determination of data required by other disciplines occupied with
global research of Earth phenomena. The Americans justly link these questions with
geodesy.
The research of movements and deformations of the Earth must be referred to
an immovable system of coordinates. Otherwise coordinate changes may be
erroneously attributed to some real forces. The quasars, distant from the solar
system not less than 700 millions of light years, are the most stationary objects on
the celestial sphere. On their base the celestial coordinate system was established
with a precision up to 0’’,002. The other coordinate system, the terrestrial system, is
determined by the points at the Earth surface from laser tracking of satellites with an
error of about 5 cm. The elements of mutual spatial orientation are necessary for
connection of the celestial and the terrestrial coordinate systems. The Earth’s
rotational axis plays a great role in this context. It is necessary to know the proper
Earth movement relative to the rotational axis (polar motion) and the angular speed
of rotation. The specific complexity of this task is connected with the fact that, having
only the measurements at the Earth surface, one cannot separate the polar motion
from the Earth surface deformations and orientation elements (angles of procession
and nutation). This is why it is not possible to check the nutation and precession
theories by terrestrial observations. To calculate the Earth’s spatial movement, one
needs data about its internal structure and a theory of Earth movement in space, and
such a theory must reflect properties of the real Earth. In modern calculations one
uses the best data available for the distribution of density inside the Earth; they are
obtained from the results of free oscillations and seismic wave distributions. They
take into account the form of the boundary between the Earth core and mantle (the
relief of this boundary according to some evaluations goes up to 10 km). They also
take into account deviations of the Earth’s rheology from Hooke’s law and elasticity
27

coefficients of Lame, the influence of sea tides and other effects. The use of space
methods for surveying the Earth’s relief from outer space (or the use of an air survey)
could help determining the polar motion relative to the Earth relief, similar to methods
proposed by Ziman, Nepoklonov and Rodionov (1970) for the planets. This could
permit to exclude the polar displacements relative to the relief, leaving the astronomic
observations to be used immediately for determination of the Earth’s spatial
orientation. But such an approach has not been adopted so far, although its theory is
being developed (Urmaev and Frolov 1999).
Of course, the precision of the theory must correspond to the observational
precision and even be better. Molodensky’s works represent an important stage in
the elaboration of such a theory in 1953–1989.
The forces which act considerably longer then the time of relaxation of strains,
can be regarded and examined as hydrostatic effects, considering the Earth for this
purpose as liquid. If the change of the density with the depth is known, it is possible
to calculate the flattening of the layers of constant density and the corresponding
strains. These solutions (Clairaut – Radau theory) are considered as the initial
conditions for Molodensky’s theory. Further objects of research are the small elastic
oscillations of a spherically symmetric, rotating Earth with a liquid core in a coordinate
system having nutational movement (the precessional movements for a liquid and a
solid Earth are identical).
The principle of solution of this problem by an expansion into series of solid
spherical harmonics was described by Molodensky in 1953. The elementary
components of oscillation are expressed through the radial displacement, volume
expansion and change of attraction potential, which are proportional to Legendre’s
associated functions. Molodensky rejected the variational method developed by
Jeffreys and Vicente 1957 and in 1961 described a new way of constructing a theory
of Earth nutation and diurnal Earth tides. Molodensky and Kramer managed to obtain
good agreement with the observational data on the real Earth. For example, they
obtained 433 days (model 1) and 436 days (model 2) for Chandler’s period of polar
motion. This theoretical model of Chandler’s motion remains the most precise up to
now. For comparison let us mention the following observational data from Pulkovo:
434, 3 days (Kostina, Sakharov, 1979). Evaluating ILS/IPMS data for 1900–1973 by
the method of maximum entropy, Currie 1974 found 432,95 mean sun days.
Molodensky’s solution 1961 was described by Moritz (1980–1982) in the Reports of
the Department of Geodetic Science and Surveying of Ohio State University,
Columbus. This description entered into Moritz’ and Mueller’s book 1987.
Molodensky’s nutation calculation was recommended by the International Astronomic
Union at the General Assembly in Montreal in August 1979. But the density
distribution inside the Earth adopted by Molodensky does not exactly correspond to
the actual data, so that corrections were needed. As Smith 1981 stressed, the
development of Molodensky’s 1961 method in particular in the works of Sasao,
Okubo, Saito 1980 and Wahr 1981 consisted in general in increasing the precision of
the Earth models. Molodensky’s results recalculated with improved data on the
Earth’s structure lead to a good agreement with the results of later more complete
theories. Such agreement was mentioned in particular by Wahr 1981. The difference
between Molodensky’s and Wahr’s results makes about 10% of the total correction
for non–rigidity or 0, 002” at 6 months or 18, 6 years. Wahr explains these differences
in principle by the imperfect Earth model used by Molodensky and to a lesser degree
by the theory itself. These disagreements are somewhat larger than the influences of
ocean dynamic for nutation and probably larger than the core and mantle coupling.
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Molodensky’s nutation calculation theory is appreciated in Moritz’ and Mueller’s
1987 book as a standard for the all following works, and his numerical results are
called excellent even by modern standards.
In 1961 Molodensky calculated also the period of the nearly–diurnal nutation of
the mantle, caused by the liquid core.
In many subsequent articles Molodensky continued to modernize the theory.
Coriolis forces were included into the equations for taking into account the rotation of
the coordinate system connected with the Earth (1970). This makes the theory
applicable for studying low frequency oscillations, where Coriolis forces have a basic
influence. The solution was constructed without the previous separation of spheroidal
and toroidal oscillations (1972). His unified method involved oscillation of all kinds
and all frequencies, including forced and free nutation of the rotational axis and
changes of the Earth’s rotational velocity. The solution led to a system of ordinary
differential equations for the elementary components of the oscillation for each
harmonic (1974, 1976, 1977). Five constants enter the solution of each system of
equations. They characterize some effects, on the surface, of the elastic oscillations
of the whole Earth and are basically very similar to the Love numbers. The traditional
use of the Love numbers is connected with a hypothetical assumption mentioned by
Love himself. The author proposed to maintain the previous name, Love numbers, for
those new five constants.
The modernized theory of Earth oscillations was described by the author in his
last monograph 1989, which also contains new results. In particular, Molodensky
used perturbation theory to take into account the deviations in the Earth structure
from the spherically symmetric model. The results were extended to the case of a
viscous Earth core. The Earth structure determination on base of the free oscillation
frequencies leads to inverse problems with unstable solutions. Molodensky proposed
the method of eliminating spurious density fluctuations. His last ideas did not yet find
their use. Molodensky’s works are again ahead of the time, they form a base for a
more precise theory necessary for closing the precision gap between modern
techniques and new theory, and that is why the needs of geophysics logically call for
the use of the last ideas of Molodensky.
Researches on the theory of rotation of a deforming Earth, its oscillations, the
theory of its figure and gravitational field give invaluable contributions to the
development of the fundamental Earth sciences, and are necessary for the full use of
new techniques. Besides the astronomic–geodetic theory of Molodensky, his theory
of elastic oscillations will find a use in other fields of knowledge — geotectonics and
in the theory of the major planets.
Devotion to the science combined in Mikhail Sergeevich Molodensky with the
delicateness in his relation with people, his openness, and his simplicity in life. He
was a good family man, together with Alexandra Mikhailovna they raised two
daughters and two sons who occupy dignified places in life. The people who worked
together with Mikhail Sergeevich are thankful to their destiny. He always made
everyone admire his daring ideas and the elegance, rigor and completeness of his
researches.
The scientific world community highly appreciates Mikhail Sergeevich’s works in
the Earth sciences. The President of the International Union of Geodesy and
Geophysics, Helmut Moritz, asked the Interministerial Geophysical Council at the
Presidency of the Russian Academy of Sciences to lay down at Molodensky’s tomb a
wreath with the inscription “To the great scientist M. S. Molodensky in gratitude the
International Union of Geodesy and Geophysics”.
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In conclusion we express our thanks to Sergey Vasilievich Kusakin, a specialist
of the region and teacher at the school of Epiphan where M. S. Molodensky studied,
for the information about the teachers of M. S. Molodensky and about Epiphan.
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IN MEMORIAM OF A SCIENTIST
M. S. Molodensky and his way in science
By M. Heifets
(Enlarged version of an article that appeared in Russian in Geodeziya i Kartografiya,
No. 9–10, 1992)
In the second part of the 1920ies at the height of the NEP (New Economic
Policy) launched in the country, there started a preparation, hardly noticeable but
steady, for the fulfillment of Stalin’s five–year plans. One of the important stages of
the new policy was to train specialists of a worker–peasant origin, who had
experienced a political upbringing by party functionaries of high ranks. The first steps
taken by the political nomenclatura for this purpose was to set up some privileged
party groups, so–called “party–thousands”, at all higher schools as it was believed
that a party–membership card could guarantee mastering any branch of knowledge
and any profession quickly and without problems. The “party–thousand” was charged
to control a “trained–staff policy” at higher schools in the country, which meant to limit
the access to higher education for intelligentsia, employees, and persons of free
professions, and not to allow entering higher schools at all to children of merchants,
noblemen, clergymen and former officers of the tsarist army. The “party–thousand”
was assigned to discover students who concealed their social origin (this was a mass
practice among students despite the threat of being thrown out from the institution
they studied at). In its turn this lead to a practice of informing on each other which not
only was not disapproved but, on the contrary, was even encouraged. Thus all the
measures were taken to make entering higher schools much easier for factory
workers and village peasants who, as a rule, were semi–literate.
As a result of this system of education with “rabfaks” (workers’ schools) and
privileged courses, the higher schools were filled with people whose knowledge and
intellect were rather poor. For the sake of promotion of these people, the former
education system, well–developed and proved, had been abolished and substituted
by an artificially created system, the so–called “laboratory–brigade method”, which
totally ruined the higher education system for four years of the “method’s” existence.
It was stopped only in 1932 by N. I. Bukharin, who headed the USSR TsIK (Central
Executive Council) Committee on reformation (actually, on restoration of the higher
school system as is had formerly existed). In order to characterize, in short, the
laboratory–brigade method it is sufficient to say that, in fact, there were no general
lectures delivered for the whole course as all the course students were divided into
separate groups (“brigades”) where they had their lessons. One student of a brigade
was assigned to prepare, on behalf of the whole brigade, an appropriate part of the
course that a professor would have delivered on a certain discipline. Taking into
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account the dramatic lack of textbooks at that time it is easy to understand that such
lessons were rather a formality; it is obvious that the brigade students’ reports did not
reflect any new developments in science and technology that could have been
introduced by the professor. The functions of a professor were now extremely limited
– he had to supervise lessons and answer questions addressed to a student–lecturer
if the latter was incapable of doing it himself. Professors had no possibility of making
use of their erudition –– they were cut off from the majority of the students. Grades
were given by the students themselves by means of a mere voting, and the student's
success in studies was determined by the word “passed”. The students had the right
even to dismiss any undesired teacher, and this procedure was also executed by a
vote.
This right was applied quite often, especially in cases when a teacher, in the
opinion of the most zealous “party–thousand” men, did not seem good enough at
political education and happened to say something incorrect from an ideological point
of view, even if it concerned a subject far distant from politics. The students
themselves worked out their curricula and arranged their educational process. They
used to elect a pro–rector who was responsible for students’ affairs and was freed
from lessons for a one–year term to control the observance of the students’ rights. In
those days all university degrees and titles were abolished. Some professors who
aroused suspicion with regard to their origin, regardless of their scientific merits, were
treated without pity: they were deprived of their food–cards and forced to buy food–
stuffs at free market prices much higher than the prices fixed for the privileged ...
N. I. Bukharin was the first to take the risk of taking upon himself the
responsibility for putting to an end the existence of this “theatre of absurdity”, and one
cannot help admiring his courage.
Fortunately for Russia, even at that terrible time there remained many pre–
revolution specialists whose greatest concern was to benefit their country. It was they
who, having responded to the country’s call, had provided a rapid growth of industrial
potential in many branches of national economy and science. This also was the case
with the development of gravimetry and gravimetric surveys. Many prominent
scientists, A. D. Arkhanghelsky, G. G. Gamburtsev, A. A. Mikhailov, B. V. Numerov,
O. Yu. Schmidt and others were engaged in the solution of scientific and
technological problems and did their best to advance Soviet gravimetry to the first
place in the world. By the early thirties the Soviet Union had measured twice as many
gravimetric points as all the other countries of the world together.
Mikhail Sergeevich Molodensky was born on the 15th of June,1909 in the town
of Epiphan of the Tula province, in the family of a priest. When he was 14, he moved
to Tula, where he started living with the family of his uncle, a medical doctor, and
studied at a railway school. Having finished the school, he was not able to enter a
university institute because of his young age, for, according to age qualifications
existing at that time, the age for leaving school was raised to 18 years. So he had to
work as an accountant in the forestry of Yasnaya Polyana, not far from Tula, for
about a year. It was only the beginning of his long struggle against major difficulties
that he was obliged to overcome in order to realize his striving for scientific
knowledge, especially for astronomy which had attracted him since his childhood.
The most serious obstacle in his life was his social origin. Nevertheless, in 1927
he managed to enter the astronomy department of Moscow University. The faculty
dean met him with obvious displeasure, and he had to overcome obstacles in his
studies for a long time. M. Molodensky was neither given a scholarship nor a room in
the student dormitories. However, all the attempts to remove M. Molodensky from the
university were unsuccessful. Molodensky’s authority among the students and his
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reputation had grown greatly, and when he was a fourth–year student he was elected
a monitor of his academic group and a student–union leader.
In 1930 there was an attempt to remove astronomy from the curriculum for it
was considered to be less essential. The students specializing in astronomy were
offered to change to another discipline, called “geodesy and gravimetry”. But the
group headed by M. Molodensky, where V. F. Eremeev, L. Petrov, M. Zverev and
others, rejected this suggestion and decided to combine their studies in astronomy
with those in geodesy and gravimetry. The leading teachers of the group were Prof.
F. Krasovsky, M. Solovyev (in geodesy), A. Mikhailov, L. Sorokin (in gravimetry and
the theory of the Earth), and S. N. Blazhko (in spherical and practical astronomy).
Eventually the teachers’ intellect and the monitor’s enthusiasm had won and the
students together with their main teachers overcame the obstacles on their way to
high education, at the risk of their future positions under these difficult circumstances.
After graduating from the University and getting their diplomas in astronomy, all
of the students later became distinguished specialists in gravimetry, geophysics and
astronomical geodesy. As to M. Molodensky, he was given his diploma within one
year, in 1932, when he published his first scientific work “On latitude calculation by
observation of Pevtsov pairs” in the Soviet “Astronomical Journal”.
Molodensky’s first steps of his activity in geodetic researches and surveys dated
back to 1929 when he started surveys headed by D. Sherman at a test area of the
Institute of General Geodetic Surveys (IOGR). Their joint work went on for two years.
Before it, M. Molodensky had got a proposal from the director of the Astronomy–
Geodesy Research Institute (AGNII) at the State University in Moscow (MGU) to
have a permanent job there after graduating from the University. Some time later this
institute was combined with the Astrophysical Institute of MGU, and the newly formed
institute was called “State Astronomic Institute named after P. Shternberg” (GAISh).
There M. Molodensky was appointed. There he first took part in gravimetric
measurements made by a joint expedition of MGU and MGI (now MIIGAiK) headed
by N. Parijsky and K. Shistovsky, in the Ural, where M. Molodensky gained much
experience as a gravimetrist. At GAISh M. Molodensky also was engaged in some
astronomic research works in the Kuchino observatory till 1935. Gradually his activity
tended to shift to geodetic gravimetry and to the theory of pendulums, which resulted
in his leaving GAISh.
By that time a famous decree of the “Soviet of Labor and Defense” about the
establishment of a general gravimetric survey over the whole country had been
issued. The realization of this decree provided a great increase in the development of
gravimetric surveying works all over the country.
M. Molodensky, being keen on gravimetry, eagerly participated in these
surveys, and he started work at TsNIIGAiK which at that time was in charge of
providing scientific and methodological guidance for all gravimetric measurements
over the country. An exclusive right to carry out gravimetric surveys was given to the
Main Department for Geodesy and Cartography (GUGK) under the
Narkomtyazhprom (People’s Committee on Heavy Industry). Other departments and
surveying agencies could take part in the work under the control of GUGK and at its
expense. In fact, gravimetric surveys were carried out by IOGR, which finally was
transformed into Moscow Aerogeodetic Enterprise (MAGP).
In 1933, M. Molodensky headed an expedition to the Crimea to perform
gravimetric surveys according to the above Decree. The experience M. Molodensky
had gained in the expedition was so rich and fruitful that he, a young specialist in
gravimetry, was included into a special commission on the elaboration of the first
instruction for a general gravimetric survey of the USSR.
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In 1934 the name of Molodensky became known abroad, as he made a report
at the 7th Baltic Geodetic Commission Conference in Moscow on an urgent problem
that had been, for many years, of great interest for gravimetrists, that is, the co–
swinging influence on double pendulums. Before, it had been practically impossible
to determine the accuracy of the numerous solutions in existence, as all of them had
been approximate. M. Molodensky was the first to find a rigorous solution. His report
was listened to by many distinguished scientists from Baltic countries, Denmark,
Finland, Germany, Poland, Sweden, the USSR, as well as by members of the
International Association of Geodesy. Molodensky’s report on the conception of the
astronomic–gravimetric leveling was published in 1937 in transactions of the 9th
session of the Baltic Geodetic Commission (Helsinki 21.–25.7.1936).
Despite his brilliant capabilities and creative activity characterizing M.
Molodensky as a scientist, his personal life and his advance in science were not easy
at all. At TsNIIGAiK he seemed to have got a chance of working in his profession, but
there again he faced a hostility on the part of the administration of the institute. The
explanation came from his social origin and from the fact that was characterized, on
the one hand, by his full absorption in science, high nobleness and honesty, and, on
the other hand, by his disgust for any lie and hypocrisy and his incapability of
ingratiating himself to anybody. In other words, his behavior did not conform to the
then–existing standards, and therefore, he could not benefit of any rapid progress in
his career. Fortunately, the situation radically changed when in 1939 a new director,
A. Tatevyan, was appointed. A. Tatevyan, being a talented scientist and an honest
man, quickly recognized M. Molodensky’s personality and later offered him his
utmost assistance and support, and protected him from those who considered a
“public activity” more important than a scientific one.
The contribution by M. Molodensky to the development of Soviet geodesy and
gravimetry is great, both in theoretic researches and in gravimetric surveys,
especially in developing and applying advanced surveying methods combined with
designing precise gravimetric instruments. Such instruments were of particular
importance. They required a base for production and designing, involving hundreds
of highly trained people. In fact, in the early thirties there were only gravity measuring
instruments of foreign production available in the country, and most of them were out
of date. This is why an immediate task facing Soviet geodesy was to manufacture
appropriate instruments. The first small batch of pendulum instruments was produced
by the plant “Aerogeopribor” in 1935. They were a slightly improved copy of German
“Bamberg” instruments. Several attempts to design original instruments at other
enterprises had failed, and only in 1938 a series of good light pendulum instruments
designed by L. Sorokin was manufactured at GAISh.
In April 1943 M. Molodensky was appointed chief of the gravimetric laboratory
at TsNIIGAiK. He continued to occupy the post till July 1956 when he was appointed,
against his will, director of GEOFIAN (Geophysical Institute of the Academy of
Sciences). Molodensky was responsible for realization of the technical policy pursued
by GUGK in gravimetric surveys. It is obvious that, being interested in the progress of
surveys, GUGK had to face various problems, including improving the methods of
gravimetric measurements. GUGK’s activity at that time contributed much to the
development of gravimetry: it had close contacts with many research institutes in the
country, such as the USSR AN Seismological Institute (now the AN –– Academy of
Science –– Institute of the Physics of the Earth’s (IFZ), GAISh, LAI (Leningrad
Astronomical Institute), later ITA (Institute of Theoretical Astronomy), and many other
geological prospecting institutes and organizations; many gravimetric conferences
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and seminars were held in Moscow and other cities of the country, stimulating a
creative search for new ideas in gravimetry.
But the leading part in the development of Soviet gravimetry belonged to
TsNIIGAiK, actually, to M. Molodensky who had managed to find some ways of
eliminating a serious handicap in gravimetry caused by the lack of its instrumental
base. His first step in this direction was to complete the laboratory staff with qualified
gravimetrists. Very soon there came V. Goroshko, N. Grushinsky, N. Linnitsky, A.
Lozinskaya, M. Makover, G. Razdymakha, G. Rudakovsky who were to develop or
make copies of new gravimetric instruments of different types: pendulum instruments,
elastic pendulums, gas and quartz gravimeters. Of all the attempts made by these
gravimetrists, the most successful were elastic pendulums designed by G.
Rudakovsky. Since 1937 and during the war were used for surveys in regions difficult
to access (Caracumy desert, polar areas of Yakutia, the Caucasus, the Pamir etc.),
being comparable to usual pendulums in their precision. The most important
development of TsNIIGAiK that had changed the whole process of gravimetric
surveys in the USSR, was a new static gravimeter designed and manufactured by M.
Molodensky with the assistance of a team consisting of A. Lozinskaya, N. Grushinsky
and a mechanic V. Gushchin in 1938 – 1940. Series production of the gravimeters
started at the height of the war. The first production batch of gravimeters of GKM
index consisted of about 100 units, and was manufactured under the guidance of N.
Sazhina and L. Kalisheva. The next model, a more improved one, was developed by
a research team headed by A. Lozinskaya. Then there appeared two modifications of
these instruments: one was designed for sea–bed measurements, the other one, for
test aerogravimetric determinations. The great success of the Soviet instruments was
recognized by the State Prize awarded to their designers, M. Molodensky, A.
Lozinskaya, L. Kalisheva, N. Sazhina, L. Sorokin, V. Fedynsky, and to a number of
other scientists, designers and engineers involved in the instrument production.
The emergence of precise and cheap gravimeters produced in the country after
World War II lead to an intensive development of gravimetric–prospecting surveys,
and soon gravimetric measurements numbered one million points per year, hundreds
of times exceeding the rate of development of the general pendulum survey. The
Soviet efforts in solving global geodetic problems, began with reconnaissance
surveys, and, since 1937 created the state gravity system where general survey
points had been divided into four classes already at that time.
M. Molodensky with other scientists was very much concerned about the quality
of rapidly–accumulated gravimetric points, and in 1937 he headed a commission
aimed at solving two problems: to replace obsolete pendulum gravimeters, made in
Russia and abroad, and to classify and catalogue all pendulum–measured
gravimetric points over the country, and, if necessary, to re–process initial data. To
cope with the tasks requiring much laboratory work, a special bureau headed by N.
Kiselev, and afterwards by I. Kazansky, had been set up where, under the general
guidance of M. Molodensky and M. Zverev, many prominent gravimetrists took part in
the work. By this very bureau there were first developed and tested new methods of
data processing and accuracy estimation for pendulum measurements, means of
leveling calculations, techniques of compiling gravimetric catalogues, rational
methods of processing astronomic observations and of determining barometric
heights in gravimetric surveys.
A thorough analysis of pendulum data that had accumulated since the second
part of 19th century, revealed which instruments needed to be rejected because they
could not meet the accuracy requirements stipulated by the Instruction of 1937. The
process of eliminating such instruments of course slowed down the speed of surveys,
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and the State plan fulfillment was on the edge of failing, but on the other hand, it
improved greatly the quality of surveying and brought a lot of benefits. Making such a
decision in the times of the thirties in our country called for exceptional courage and
strict adherence to his principles on the part of M. Molodensky, especially if we take
into account the attitude of the Institute administration towards him.
This new approach to the general survey made it possible to refine its “zero–
point”, and an initial value for this point was chosen very carefully and thoroughly,
fixing for many years ahead the value determined by N. Parijsky in 1935. An
accuracy for the points of all classes was not yet specified, though requirements on
the methods of their determination were strict and high. It was only in 1944 when
error tolerances for the point measurements first were stated in the Instruction of the
same year.
Joint efforts of M. Molodensky, M. Zverev, N. Parijsky and Yu. Boulanger to
estimate accuracies of pendulum measurements brought a basic and simple solution
of this rather complicated problem. A correlation between a priori and actual errors
was made for about 10000 points, and their values fully coincided. The error
estimation showed that the precision of field measurements had a tendency of
constant improvement although measurements moved on to places that were difficult
to access. This tendency was very important, since gravimeter measurements carried
out during the time after the war were more precise than pendulum observations, and
the fate of pendulum surveys hung on a thread, as there were many serious doubts
about it at that time.
Meanwhile, the fame of M. Molodensky as a scientist grew rapidly. In 1943 he
was invited to deliver lectures in gravimetry and the theory of the Earth's figure at the
Moscow Institute of Engineers for Geodesy, Airsurvey and Cartography (MIIGAiK)
where he worked till 1947. But teaching, in general, did not interest him very much,
and he considered this job as a mere duty. In 1946, with great enthusiasm, he started
work in the gravimetric department of the Geophysical Institute at the USSR
Academy of Sciences (GEOFIAN), as a department chief, combining two jobs.
In fact, he did not give up his main job at TsNIIGAiK despite hard conditions of
working and living. At that time the Institute was housed in several buildings situated
in different parts of Moscow. M. Molodensky with his family of six members had to
live in the outskirts of Moscow, in a former village, in one room of an old wooden
house, far from TsNIIGAiK, MIIGAiK and GEOFIAN.
Nevertheless, his activity was very fruitful. Each of the researches carried out by
him was characterized not only by depth of theoretical analysis, but also by its
practical significance and usefulness (more will be said about this below). The
efficiency of his researches always was accompanied by an efficiency of organizing
the work proposed by him (in fact, the two abilities do not very often occur together).
The realization of his proposals brought great benefit to the progress of Soviet
gravimetry, which has been generally acknowledged throughout the world.
The rapid introduction of the gravimeters developed by M. Molodensky made it
possible for him to implement, in the course of surveying, some important ideas in
theoretical geodesy which were of great significance for the development of the Earth
sciences in general and for topographic–geodetic study of the country’s territory in
particular.
Here we should say some words about a concept that was developed by M.
Molodensky during war time (but starting much earlier) concerning the study of the
Earth’s physical surface without using information on its inner structure. It is
impossible to overestimate the significance of this concept for science and national
economy: it meant a revolutionary reform in geodesy. For this work M. Molodensky
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was awarded the USSR State Prize (1946), he got the high degree of a Doctor of
Technical Sciences, and was elected a corresponding member of the USSR
Academy of Sciences (AN).
This direction of researches by M. Molodensky was a realization of F.
Krasovsky’s idea of using gravimetric data for processing astronomic–geodetic
measurements. Molodensky elaborated a possibility of using gravimetric survey data
for a detailed interpolation of plumb–line deflection between astronomic points of
astronomic–geodetic networks. Such an interpolation is achieved with a minimum
amount of additional gravimetric measurements, provided a general survey of the
region has already been executed. In this case, the gravimetric survey includes
densification of gravimetric points around astronomic points with plumb–line
deflections determined for these astronomic points. The result of this work permitted
to integrate some isolated sections of the astronomic–geodetic network into the main
system of coordinates, and this, in its turn, made it possible to map vast areas in the
Far East, which had never been surveyed before. The process of geodetic coordinate
determination suggested by M. Molodensky was incorporated into a method of
astronomic–gravimetric leveling of geoid heights that had been developed also by
him. Such leveling allowed a mapping of the heights necessary for astronomic–
geodetic network data to be processed by a method of projection just as it was
conceived by F. Krasovsky. Increasing amounts of data obtained from detailed and
precise reconnaissance surveys requiring just a small additional processing,
contributed much to the astronomic–gravimetric leveling of the country.
Before the sixties, point densification was made for all the points of interest to
geodesists, within a radius of 60 km from an astro–point, irrespective of location of
geophysical points. Where both data from 1:200 000–scale maps and data of
geodetic densification surveys had proven to be of the same practical value, plumb–
line deflections were measured on the basis of combined data acquired by both
geodesists and geophysists alike. Only in cases of close proximity to an astro–point
where maximum accuracy in gravity gradient determination is required, geodesists
went on measuring separately.
Thus, owing mainly to theoretical and instrument–design achievements by M.
Molodensky, gravimetric objectives facing geodetic services essentially changed in
the post–war years. Gradually the general survey came to an end, and by 1957 it had
been completed. The efforts of surveying enterprises within the framework of GUGK
were focused on astronomic–gravimetric leveling. The efforts of TsNIIGAiK
concentrated on solving complex problems associated with the theory of the Earth’s
figure, on space explorations and defense problems, and on the development of
triangulation methods for large territories. Many prominent scientists were involved
into the work by M. Molodensky. At first, they were B. Dubovsky, V. Eremeev, A.
Lozinskaya, and later, L. Pellinen, M. Yurkina, O. Ostach, and G. Demianov.
However, M. Molodensky’s activity was by no means restricted to the areas just
mentioned. He was known as a brilliant generator of various scientific and
engineering ideas and initiatives, but he was modest enough not to demonstrate this
openly, preferring to stay out of the limelight. It is hardly known to anyone that he was
the first to put forward suggestions of calibrating gravimeters by tilting; of devising a
highly–effective method of simultaneous observations of four pendulums; of
introducing the notion of “control number”, splendid in its simplicity; of a simple but
rigorous processing method for measurements by elastic pendulums; as well as of a
rapid but precise method of astronomical coordinate determination that was
immediately put into practice during the war. These methods and procedures,
registered nowhere under his name, brought benefits and high economic efficiency
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(four–pendulum observations reduced by a factor of two the time of measurements at
a point; gravimeter calibration by tilting made field measurements for determination of
scale coefficients almost unnecessary), but the author, deserving the right to be
rewarded, had never taken an opportunity of it.
Here, we cannot help speaking once more about M. Molodensky’s boldness
and foresight. In 1948 at TsNIIGAiK there was a suggestion by M. Heifets to develop
and bring into practice quartz–metallic pendulums made of three different materials.
Gravimetrists and instrument–manufacturers were categorically against the idea. M.
Molodensky was the only one who provided full support to the initiative. Even when
the first series of 12 pendulums had appeared to be unsuitable, M. Molodensky went
on insisting on their further development and use, despite many years of resistance
on the part of state manufacturers. Nowadays the whole first–order network of the
country has been established using such pendulums, and the network is known to be
one of the best in the world.
In 1955 TsNIIGAiK, lacking both appropriate instruments and trained staff, took
upon itself the task to perform a gravimetric survey of the world oceans, and two
expeditions were sent out to make underwater measurements. In seven years the
survey was completed in the first approximation. M. Molodensky did not participate in
the survey, but his moral support of the project was of great importance.
M. Molodensky was the initiator of another very difficult project, an aero–
gravimetric survey of the Arctic region and the Antarctic continent.
In the last decade of his life M. Molodensky, being struck by a heavy disease,
continued his researches in theoretic geophysics. His success in the development of
methods to determine the gravitational field and the Earth’s figure, as well as in the
theory of terrestrial tides was recognized by the government: he was awarded the
Lenin Prize.
In geodesy as a science, M. Molodensky is a unique phenomenon, and
geodesy is forever connected with his name. It was he who had laid the foundations
of its newest and most important directions, such as kinematic and dynamic geodesy,
having created an independent discipline, geodynamics, one of the most promising
sciences of nowadays, full of new problems, that was formed at the junction of
geophysics, geodesy and astronomy. Many of M. Molodensky’s followers and
disciples whom he helped understand and master new concepts, notions and factual
data first introduced by him, are working now in this branch of science. Gradually but
very slowly, these notions became known abroad. “The basic problems of geodetic
gravimetry” by M. Molodensky (1945) was first published in the German Democratic
Republic in 1958. Next year the work was translated into English in the USA.
Summaries were published in Poland and Czechoslovakia in 1953; later on, in a
much shorter form, it was issued in the USA in 1959 and in Germany in 1961. The
book “Methods for study of the external gravitational field and figure of the Earth” was
published in English in Jerusalem in 1962. Thus, information on the greatest
achievement in theoretical geodesy had been reaching the Western countries only
after 15 years, sometimes in a deformed interpretation because of the complexity of
the matter. Even now, when M. Molodensky’s merits have been recognized in the
world, some misunderstanding and silence about his works still occur.
M. Molodensky strove to render the greatest possible assistance to everybody
who asked him for help in theoretical and applied problems. Moreover, a considerate
attitude towards people always was an unalterable law for him, the same as
kindness, good–heartedness and modesty. After he had got a world–wide reputation,
high titles and positions, he remained the same as he had been before. He suffered a
lot of financial difficulties, but refused to defend a thesis to get a university degree
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that could have improved his condition. Eventually, in 1938 he was given the first
higher degree without defending his thesis. Even after he had become a
corresponding member of the USSR Academy of Sciences and been awarded with
the State Prize of the USSR he continued living in a small room of a wooden hut–like
house, never demanding anything for himself. At one time he decided to move to the
town of Poltava where he was promised a job in a gravimetric observatory, with a flat
of his own. Only then O. Schmidt, director of the Institute of the Earth’s Physics
where M. Molodensky had some additional work, ordered to give him two rooms at
his disposal in a flat with some other tenants living there. Several years later this
lodging problem was successfully solved at last for M. Molodensky’s family.
M. Molodensky’s behavior, in fact, was different from others in his non–standard
style of life. He rejected many privileges which others could only dream of: he refused
to be promoted to an academic title for a long time, and he avoided travelling abroad
while others strove to do this. He was extremely modest in his every–day life, being
content with very little: a simple meal, clothing, furniture. In the winter of 1932–33,
after having graduated from the University, when he worked in a laboratory at GAISh,
he had no warm coat and wore a suit and sweaters. His wife, who shared her
husband’s principles and views, was very kind and considerate to all the family
members and their frequent guests. She endured courageously all the life's
misfortunes and disfavors. Once, when M. Molodensky first got the State Prize of the
USSR, and newspaper correspondents came to take photographs of him, they
noticed that he was not wearing a tie. When they asked him to put it on, he refused to
do this, saying that he did not want to look unusual. However, in the photographs that
appeared next day in newspapers Molodensky was wearing the tie! As it turned out,
the correspondents had drawn or painted the tie, but nobody ever guessed it.
Nevertheless, M. Molodensky neither behaved nor looked strangely. On the
contrary, he was simple and sociable, but not very verbose, he was very witty and
knew many funny anecdotes. His erudition, wittiness and intelligence attracted
people, so, when talking he immediately found himself in the center of attention. But
when visiting museums or theatres, he grew silent and reserved, absorbed in his
thoughts. He was fond of painting, and was interested not only in classic but also in
contemporary art. While visiting picture galleries, he paid attention to pictures that
were usually passed by the people. Molodensky was hard–working and did not
tolerate any casual or indifferent attitude towards work. His room was crowded with
colleagues who used to get together there to listen to Molodensky speaking about his
latest researches and ideas, to discuss possible variants and directions of them, etc.
There were hot disputes and debates, exciting discussions and talks, various and
different in their subjects. In addition to these discussions at home, M. Molodensky
regularly held informal seminars in his laboratory in pre–war years, when each of the
group told about some scientific and technical news he had read during the week, or
shared his own ideas. It was very interesting and very useful, as it made all the
research fellows keep up with science news in Russian and foreign publications,
encouraged them and created a good research team, where there were mutual
assistance, understanding, and community of interests and objectives.
It was very interesting to watch Molodensky working when he was on an
expedition. He would work for 18 or 19 hours a day without having a break for a meal
or for sleep, unless someone pulled him away from the instrument.
It was indeed surprising how he, so busy in his work, managed to be well–
informed of all important news concerning his field and related sciences, appreciating
properly the results of others’ researches and forming his own profound opinion. He
was not quick in making any conclusions but was very firm in defending his point of
50

view once formed. He always succeeded in convincing other people of his opinion. It
happened so, for example, when he convinced GUGK to change to the system of
normal heights, or when he persuaded TsNIIGAIK to take a responsibility for
gravimetric survey of the world ocean, and then when he persuaded both GUGK and
TsNIIGAiK to change from a gravimetric control network of the highest order of
accuracy to a pendulum reference frame, an unprecedented change in modern
reference frames.
Molodensky’s close relations with TsNIIGAiK for 25 years were interrupted
when he was promoted to the position of director of the Institute of Physics of the
Earth at the USSR Academy of Sciences, against his will, but at the initiative of the
Central Committee of the Communist Party, in spite of the fact that he was not a
Communist party member. It was hard to find any other job so unsuitable for
Molodensky, as it was completely incompatible with his inclinations and peculiarities
of his nature. He always avoided being involved in any administrative activity. He
even refused to be a head of the laboratory where he worked, as he did not want to
spend his valuable time sitting at meetings, political lessons and seminars. It was
impossible to argue with the Central Committee of the Communist Party, and
Molodensky gave in. As a director, he did many good things for the Institute and its
departments in a short period of time, but a terrible disease was destroying his
creative life.
He died on the 12th of November, 1991.
The name of Michail Sergeevich Molodensky has forever entered the history of
the Sciences of the Earth.
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M. S. Molodensky
The dependence of the gravitational field of the Earth
on a change of its velocity of rotation
(Geodeziya i kartografiya 1988, No. 5, pp.11-13)

It is known that a change of the velocity ω of the Earth’s rotation leads to a
change in the Earth’s flattening and in the mean value of gravity on the Earth’s
surface. The principles of this theory were laid by Clairaut, and it was developed
mainly by Liapounov.
L. Lichtenstein 1933 described a more general approach to this problem. He
proceeded from an initial configuration and a velocity ω1 of rotation, supposing that
the present state of the Earth is near to equilibrium. This fact is reliably confirmed by
astronomic, geodetic and geophysical observations and is taken as a foundation of
geological conceptions on the Earth structure. Strains of a displacement relax in the
interior of the Earth. Hence the intensity of contemporary earthquakes is small in
comparison to what might be without relaxation. Lichtenstein posed the question
about a change of the Earth gravitation field by a small slow change of the rotational
velocity to a value ω2. A change of the state of the Earth is taking place from the first
equilibrium state to the second state which is likewise a state of equilibrium.
Correspondingly, gravity will change at the points of the surface by a small value δg.
It must be determined by the dependence of the distribution of gravity on the Earth
surface in accordance with the presupposition about preserving the state of
equilibrium inside the Earth. Lichtenstein found an integral equation for solving this
problem, but this equation was not used so far practically. His result is described in a
monograph not of a geophysical but of a mathematical character.
After studying a movement of a planetary fluid mass under the action of the
force of mutual attraction and of constant pressure on the surface, Pizzetti 1913
noted that the movement as a rigid body only is a rotation with a constant velocity
around an invariable axis. A change of the angular velocity breaks the state of
equilibrium and generates currents of matter inside the planet, which can in its turn
provoke and support both horizontal and vertical movements of points of the Earth
surface.
It seems useful to describe my opinion on methods of a solution of
Lichtenstein’s problem on the basis of the general theory of elastic oscillations of the
Earth.
If the velocity of rotation is changing, complicated movements arise inside the
Earth, and only part of these movements can be represented as a change of the
angular velocity, i.e. as a rotation of a rigid body. These movements lead to a change
of the Earth‘s moment of inertia with respect to the axis of rotation or a change of a
projection of the angular momentum on the same axis, whatever cause had provoked
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such a change. Displacements capable of being described by a rigid–body rotation,
will be taken into account completely by referring the equations of elasticity to a
mobile coordinate system which rotates with an angular velocity ω. If this velocity is
dependent on time, the derivative of velocity ω, with respect to time, has a frequency
σ, and the axis of rotation changes its direction in space only little. When this
movement is known, only parameters determining the movement completely will
enter into the equations of oscillation. If the magnitude of the vector ω of angular
& of the angular velocity with
velocity changes, then this parameter is a derivative ω
respect to time; if the vector ω changes its direction in the space (nutation), then
there are components of this vector with respect to two coordinate axes. These
values can be found from additional conditions which determine the choice of the
mobile coordinate system. This simple effect is complicated by imposing elastic
displacements inside the Earth. They are more complex but entirely regular, subject
to Hooke’s law.
Therefore the following problem arises: To determine the oscillations and the
change of the gravitational field of the elastic Earth for a structure which is defined by
given values, at every point, of the density ρ and the moduli of elasticity μ and K (μ is
the rigidity, the modulus of the shear, K is the modulus of the uniform compression).
Values μ=0, i.e. the fluid state, are possible in separate cavities. The problem will be
simplified significantly because the form and structure of the Earth are close to
spherical symmetry, i.e., to a good approximation, they depend only on the distance
from the center of the Earth. It is necessary to take into account the enormous forces
of the mutual attraction of particles (the gravitational forces), the small centrifugal
force which plays a basic role in this problem, and convective accelerations (Coriolis
forces); they are basic for μ=0 and a small frequency of oscillation.
From a formal standpoint there arises a boundary problem; it is similar to the
boundary problem which is well known to geodesists, and is connected with the
determination of the figure and the exterior gravitational field of the Earth on the basis
of gravity observations and other geodetic measurements. The boundary problem is
now described by differential equations of elasticity which are more complicated than
the Laplace equation. The problem can be simplified radically because of an
independence or only a weak dependence of the boundary conditions on time. The
rotation of the Earth enters into the equations and boundary conditions through
parameters. One should first solve the differential equations of oscillations with the
simplest boundary conditions. On the basis of these solutions, one should find
frequencies of oscillations which are possible if sources of the excitation (frequencies
of free oscillations) are absent, and find elastic displacements corresponding to the
frequencies. Then for each frequency it is possible to find mutually independent free
oscillations which can occur simultaneously. Finally one should find oscillations
consistent with all boundary conditions for the frequency σ under consideration.
On the whole, the problem is considerably easier than it might appear at first
sight, as the character of movements inside the Earth with ∂ω/∂t = 0 (t denotes the
time) has been studied sufficiently well. It is known that oscillations with small periods
fade out swiftly, and oscillations which affect the whole Earth (precession, nutation,
secular retardation of rotation of the Earth, displacements of the North and South
poles) are known adequately.
Changes of the absolute value of the angular velocity ω of the Earth’s rotation
are small. A slow (secular) change has been known long ago: it is caused by lunar
tides in oceans (in shallow water especially) and leads to slow recession of the Moon
from the Earth. Furthermore the Earth interior structure (the functions ρ, μ, K) have
been studied in detail in the course of the last 10–20 years. The accuracy of
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measurements of time, gravity, and Earth crust deformations has increased by
factors of hundreds. A contemporary review of the state of measurement techniques,
observational results and of the theory can be found in Moritz’ and Mueller’s book
1987.
If movements occur inside the Earth, only some of them can cause a change of
its rotation as a rigid body (such a rotation does not lead to elastic stresses inside the
Earth). Movements which proceed near the Earth surface must be studied
separately; they give rise to more complex interrelations (precipitation, mountain
erosion and carrying the products of erosion by rivers to the bottoms of lakes and
oceans, seasonal changes in atmospheric circulation and cyclones, typhoons,
hurricanes, ocean tides, earthquakes, results of human activity etc.). But inside the
Earth we must recognize very deep earthquakes and corresponding elastic stresses
changing with time. When these effects will be excluded (they must be studied
separately), movements inside the Earth can be represented by equations of the
theory of elasticity with additions and simplifications indicated above. Parameters
which admit a possibility of rotation of the Earth as a rigid body, i.e. without elastic
stresses, must enter into these equations. For the given structure of the Earth, the
desired complex elastic oscillations may be represented by a sum of simple harmonic
oscillations, and each of the oscillations can be taken into consideration
independently of the others.
Exterior forces which cause oscillations (attracting forces of Moon and Sun, as
well as superficial forces, pressure on the Earth surface, tangential forces which are
caused by wind loading on mountains, forests, fields) must be determined. All these
influences on the Earth enter into the solution of the problem through boundary
conditions.
The boundary conditions can be developed into a series of terms of type

τ nmσ = Pnm (cos θ) cos (σt - mφ),
where Pnm is an associated Legendre polynomial of degree n and order m, θ is the
polar distance, σ is the frequency of an oscillation, and φ is the longitude.
Therefore each simple and independent oscillation contains the factor τnmσ.
When the free oscillations are known, the oscillations of any frequency σ can be
represented by a sum of oscillations of frequency σ =0 and of the frequencies of the
free oscillations. In this way it is not necessary to integrate directly the equations for
all frequencies (from zero to infinity), though all frequencies will enter the solution in
the general case. Partial differential equations will be replaced, for given values σ, n,
m, and μ=0 (inhomogeneous compressible fluid), by a system of ordinary differential
equations of the fourth order with four boundary conditions. This result is of principal
importance.
Thus, the work which demands very much labor, namely the determination of
proper frequencies and functions, will be significantly simplified. An equation of
discontinuity surfaces enters into the boundary conditions and into the conditions of
continuity of the solution at discontinuities of the values ρ, μ and K. A simplification
can be attained by a choice of the type of the solution sought for, so that the integrals
of products of three spherical functions can be avoided.
The values ρ, μ and K depend on the latitude and longitude weakly, but these
dependencies must be taken into account by adding small disturbances. Complex
values of the frequency σ introduce a damping of oscillations.
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Proper frequencies and functions can be obtained by means of numerical
methods. The results can be used for separating the part of the gravitational field
which can be explained by a change of the velocity of Earth rotation. For comparison
it is interesting to introduce the obtained solution in Lichtenstein’s equations. The
problem which is described here can be an example of problems which geodesists
may have to face when they will proceed from maps of changes of heights and
gravity with time to a geophysical interpretation of these results.
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M.S. Molodensky
Equations of a type to which belongs
Clairaut’s differential equation
(Geodeziya i kartografiya 1989, No. 3, pp.27–29)

Clairaut’s differential equation which connects the flattening of level surfaces of
the potential of the gravity with its value on this surface, marked the beginning of
physical geodesy. To construct maps representing the Earth surface, geodesists
began to measure values of gravity in addition to lengths of lines and angles between
these lines. There appeared the necessity to measure gravity on all continents and
oceans. Methods of measurements were improved and new methods for land, sea and
air measurements were developed. The possibility of search for useful minerals, which
can be found because of their influence on gravity, contributed particularly to such a
development. Expansions of the gravity potential with respect to spherical harmonics
to degree and order 180 was determined by means of the movement of artificial
satellites.
Clairaut’s differential equation determines the principal part of gravity changes at
all depths down to the Earth’s center. The physical foundation of this theory is related
to the notion that a body, even of the most durable material, becomes fluid by very
high pressures and temperatures existent inside the Earth. Shear stresses, which
distinguish a solid body from a fluid one, relax rapidly at great depths by dissolving.
The relaxation proceeds much more slowly at small depths, as shown by earthquakes.
Is it possible to obtain more detailed conclusions about changes of the gravitational
field inside the Earth from Clairaut’s initial ideas? I shall try to answer this question in
what follows.
Any displacements of masses inside the Earth provoke oscillations. They are
determined for an elastic Earth by means of differential equations of elastic oscillations
and boundary conditions, which depend on stresses at the boundary of an elastic
body. The structure of an elastic Earth can be defined by values of the density ρ and
the moduli of elasticity K and μ ( K is the modulus of the compression, μ is the
rigidity). Experimental results and theory lead to the conclusion that the modulus of
compression K is not relaxing and that the rigidity μ can relax completely. Then the
equations of elastic oscillations will be simplified: they become equations of small
oscillations of a fluid. A further simplification of the problem for the Earth is based on
closeness of the Earth’s structure to a spherical symmetric configuration. This means
that the moduli ρ, K and μ can be taken as constant on surfaces of spheres with
centers at the Earth’s center of inertia as an initial approximation. The boundary
surface is spherical in the initial approximation; the boundary conditions do not
contradict the differential equations. All functions, which determine displacements and
stresses in the elastic Earth, behave as follows: by continuous transition from finite
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values of μ to zero, they pass continuously into functions which determine small
oscillations of the fluid Earth. But Coriolis forces have a basic influence upon
oscillations of fluid on low frequencies in the rotating Earth, therefore these forces
must enter into the equations of elasticity. In the equations, of course, there must be
also included the great forces of the mutual gravitational attraction of the Earth
particles and the enormous pressures inside the Earth. Two boundary conditions
remain provided that shear stresses are relaxing completely: the first of these
conditions determines the pressure at all points of the boundary surface, the second
represents the attracting force. Differential equations and boundary conditions of the
elastic oscillations admit a continuous transition in the limit to zero values of the rigidity
(provided σ 2ρ / μ does not remain finite, where σ denotes the frequency of oscillation).
The partial differential equations of oscillations can be brought by μ = 0 to the form

ΔR = 4πG (ρΛ + ρ' H )
( 4ω2 − σ 2 )ψ = R + w ' H +

;

(1)

1
KΛ
ρ

(2)

Δψ = χ' r + 2χ

(3)

⎛
ρ' ⎞
( 4ω2 − σ 2 )χr 2 = ⎜⎜ w ' ρ − K ⎟⎟ Λ
(4)
ρ ⎠
⎝
where Δ denotes Laplace’s operator, R a change of the gravity potential by a
deformation of the Earth, G the gravitational constant, Λ the cubical dilatation, H a
radial displacement, ω the angular velocity of the Earth’s rotation, σ the frequency of
an oscillation; ψ, χ functions which determine components of a displacement by
deformation, r the distance from the Earth’s center, and w is the gravity potential; a
prime denotes differentiation with respect to the distance r.
The expressions are obtained for H nm and Λ nm (n is the degree of a harmonic,
m its order):
⎛
F ⎞
H nm = ε nm ⎜⎜ ψ'−r χ −
ψ⎟
ε r ⎟⎠ nm
⎝
Λ nm = ε nm Δψ nm ,

;

where for σ2<< ω2
ε nm = −(C nm + C n +1,m ) ;
Fnm = (n + 1)C nm − nC n +1,m
C nm =

4ω 2 n 2 − m 2
⋅
σ 2 4n 2 − 1

;

.

A solution is possible for all values n and m, provided factors of ε nm reduce to
zero. Hence the values χ nm and ψ nm can be determined:
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ψ nm = C1r p + C 2 r − p −1 ;

(

)

Δψ nm = C1r p −2 + C 2 r − p −3 (p ( p + 1) − n (n + 1)) .

From the condition of boundedness (regularity) of the value ψnm at the Earth
center it follows that either C1 = 0 or C 2 = 0 . Then a regular solution for the function
χnm can be found.
The simplest solution of these equations, by the spherical symmetric structure of
the Earth, has the form
Φ = Φ nm (r )τ nm ;
τ nm = Pnm (cos θ) cos( σt − mφ)

,

(5)

where Φ is one of the functions R, H, Λ, ψ or χ; P denotes Legendre’s polynomial, θ
polar distance, t is time, and φ is longitude.
If the perturbations of the spherical symmetry of the Earth are small, the functions
K and ρ can be represented by sums
K = K (r ) + ∑ (anm cos mφ + bnm sin mφ ) Pnm (θ) ;

ρ = ρ(r ) + ∑ (c nm cos mφ + d nm sin mφ ) Pnm (θ)

with small coefficients, anm, bnm, cnm, dnm. Then a solution of the equations (1) – (4) can
be obtained in the simple form (5). The functions χ, H and Λ are determined through ψ.
After the functions H and Λ are excluded from (1) by means of (2) and (4), we get

ΔR + 4πG

(

ρ'
R = 4πG σ 2 − 4ω2
w'

)⎛⎜⎜ wρ'' ψ + w '−(ρr' / ρ )K χ ⎞⎟⎟
⎝
⎠
2

2

.

(6)

This equation, by the spherically symmetric structure of the Earth for ψ = χ = 0 ,
n = 2 , m = 0 turns into Clairaut’s well–known differential equation.
The boundary conditions are determined by the superficial and mass forces
acting on the Earth: by the pressure on the boundary surface and by the attraction
potential of the deformable Earth. If the boundary conditions are homogeneous, as the
differential equations are, then the solution R = H = Λ = ψ = χ = 0 is possible.
However, potential R and the potential of masses which disturb the symmetry of the
Earth structure, become more and more indivisible by the frequency σ tending to zero.
It would be better to include relaxing rigidity, which depends on time, in the boundary
conditions and to use Fourier’s integral transformation, which introduces in the
problem frequency characteristics of the relaxation process. Instead of such an
approach it can be assumed that the potential R on the boundary surface for σ = 0 is
the same as the known real Earth potential. At first sight it seems that such a strong
condition is impossible. However, the arbitrary constants of integration for different n
and m can be expressed through the coefficients of expansion of the Earth’s potential
into series of the spherical functions, and the boundary conditions become
inhomogeneous. It is also interesting which form the level surface will get at the
boundary of the Earth’s core. Perfecting the theory of the oscillations and rotation of
the Earth to meet the accuracy of the new geodetic techniques will demand
considerable efforts.
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Molodensky’s Theory and GPS
Helmut Moritz

1. Introduction

As shown in the article by Brovar and Yurkina in this volume, Molodensky’s theory is
a completely new approach, a change of perspective, even a “Copernican revolution”
in geodesy. The focus of attention is shifted from the classical geoid to a direct
determination of the physical Earth surface. As a matter of fact, this involves a
special difficult boundary value problem, “Molodensky’s problem”, which was
formulated by M.S. Molodensky in terms of an integral equation and solved by a
“Molodensky series”.
The importance of Molodensky’s theory consists in the approach, the emphasis on
the basic importance on the physical Earth surface S. Today, S can be directly
geometrically determined using GPS, the Global Positioning System, and similar
satellite techniques (GLONASS). This permits us to use Molodensky’s approach to
the direct determination of the potential W, replacing the tedious and time–consuming
operation of leveling. The (basically very simple) mathematical approach to
Molodensky’s determination of S and the new determination of W, which permits a
presentation from a common point of view, will be outlined in sec. 2.
2. Geodetic Boundary–Value Problems

In space we have the well–known fact that the gravity vector g and the gravity
potential (geopotential) W are related by

⎛ ∂W ∂W ∂W ⎞
⎟⎟ ,
g = grad W ≡ ⎜⎜
,
,
⎝ ∂x ∂y ∂z ⎠

(1)

that is the force g is the gradient vector of the potential.
Let S be the Earth’s topographic surface and let W and g be the geopotential and
the gravity vector on this surface (Fig. 1). Then there exists a relation

g = f (S,W ) ,
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(2)

the gravity vector g on S is a function of the surface S and the geopotential W on it.

Figure 1. The geopotential W and gravity g are defined in the Earth’s surface S

This can be seen in the following way. Let the surface S and the geopotential W on S
be given. The gravitational potential V is obtained by subtracting the potential of the
centrifugal force Φ , which is simple and perfectly known:

V =W −Φ ,

(3)

cf. (Heiskanen and Moritz 1967, sec. 2–1). (This readily available book will in the
following simply be denoted by PG, “Physical Geodesy”.)
The potential V outside the Earth is a solution of Laplace’s equation ΔV = 0 and
consequently harmonic (PG sec. 1–2). Thus knowing V on S we can obtain V outside
S by solving Dirichlet’s boundary–value problem, the first boundary–value problem of
potential theory, which is always uniquely solvable (PG sec. 1–7) (at least if V is
sufficiently smooth on S). After having found V as a function in space outside S, we
obtain the gravitational force gradV. Adding the well–known and simple vector of the
centrifugal force, we obtain the gravity vector g outside and, by continuity, on S.
This is precisely what (2) means. The modern general concept of a function can be
explained as a rule of computation, indicating that given S and W on S, we can
uniquely calculate g on S. (Of course, f is not a function in the elementary sense,
but rather a “non–linear operator”, but we shall disregard this for the moment.)

(1) Molodensky’s boundary–value problem is the task to determine the Earth’s
surface S if g and W on it are given. Formally we have to solve (2) for S :
S = F1 (g,W ) ,

(4)

that is, we get geometry from gravity.
(2) GPS boundary–value problem. Since we now have GPS at our disposal, we can
consider S as known, or at least determinable by GPS. In this case, the geometry (S)
is known, and we can solve (2) for W :
W = F2 (S, g ) ,
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(5)

that is, we get potential from gravity. As we shall see, this is far from trivial: we have
now a method to replace leveling by GPS, a tedious and time–consuming old–
fashioned method by a fast modern technique.
In spite of all similarity we should bear in mind a fundamental difference: (5) solves a
fixed boundary problem (boundary S given) whereas (4) solves a free boundary
problem : the boundary S is a priori unknown (“free”). Fixed boundary problems are
usually simpler than free ones.
This is only the principle of both solutions. The direct implementation of these
formulas is difficult because that would imply the solution of “hard inverse function
theorems” of nonlinear functional analysis. For numerical computations, we know
series solutions, in the form of “Molodensky series”, which are sufficient for all
present purposes and which can, furthermore, be derived in an elementary fashion,
without needing integral equations (Molodenski 1958; Molodenskii et al. 1962; PG
chapter 8; APG sec. 45). (APG stands for “Advanced Physical Geodesy” (Moritz
1980).) Here we shall outline the known elementary solution for Molodensky’s
problem and immediately extend it to the GPS problem. Both problems will be solved
by very similar Molodensky series.
3. Linearization

We recall the linearization for the Molodensky problem, which applies to the GPS
problem as well.

Fig. 2. The telluroid. The normal height H* and the height anomaly ζ

The geometry is familiar (Fig. 2). In much the same way as the ellipsoid corresponds
to the geoid, we construct a surface Σ , the telluroid, which is defined by the condition
U (Q ) = W (P ) ,

(6)

the normal potential U at any telluroid point Q is equal to the geopotential W at the
surface point P situated along the same ellipsoidal normal. The normal potential U is
the potential of the reference ellipsoid; the normal gravity vector γ = gradU and
normal gravity γ =|| γ || are referred to U, in the same way as g and g are referred to
W.
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Note that (6) is the surface equivalent to the classical relation for sea level (Fig. 3)
U (Q0 ) = W (P0 ) .

(7)

P0
N

geoid
Q0
ellipsoid

Fig. 3. Sea level: geoid and ellipsoid

Eq. (7) would hold, with
W (P0 ) = W0 = const. ,

(8)

If S were an equipotential surface, the geoid, which is the case only over the oceans
(with the usual simplifying assumption that the surface of the ocean is an
equipotential surface not changing with time) (Fig.3).
Of course, Molodensky's theory directly uses not the geoid but the physical Earth
surface. (We repeat once more that this in Molodensky's epochal idea which radically
changed the course of physical geodesy since 1945.)
We do, however, use the fictitious case of S being an equipotential surface, but only
as a first (or zero–order) assumption in a perturbation approach for the real Earth
surface (Molodensky series). This first approximation is the spherical case to be
considered in the next section.
The ellipsoidal height h is directly determined by GPS. It may be decomposed as
follows
h = H * +ζ .

(9)

Here, H* is the normal height and ζ is the height anomaly, whose definitions are
seen from Fig. 2.
The definition of the gravity anomaly Δg and the gravity disturbance δg has, on the
Earth’s surface, the same form as in the classical case of geoid and sea level:
Δg = g P − γ Q = −

∂T 1 ∂γ
T ,
+
∂h γ ∂h

δg = g P − γ P = −
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∂T
.
∂h

(10)

(11)

The gravity disturbance δg has become practically important only through GPS,
since the GPS height h of P can be measured and hence normal gravity γ at P, γ P ,
can be determined.
As usual, Bruns’ formula holds both at P0 (classical geoid height N) and P
(Molodensky height anomaly ζ ):
N=

T (P0 )
,
γ

(12)

ζ=

T (P )
,
γ

(13)

with some approximate value for γ . Eq. (10) can be reformulated as the boundary
conditions for the Molodensky problem
∂T 1 ∂γ
−
+ Δg = 0 ,
∂h γ ∂h

(14)

(cf. PG p. 86), and for the GPS problem (PG p. 85)
∂T
+ δg = 0 ,
∂h

(15)

These two boundary conditions hold both at the surface S (Molodensky) and at sea
level (PG p. 298).
Finally we introduce the spherical approximation, disregarding the flattening f in the
equations (which are linear relations between small quantities). The spherical
approximation is a formal operation (disregarding f in small ellipsoidal quantities) and
does not mean using a “reference sphere” instead of a reference ellipsoid in any
geometrical sense (APG p. 15). Then (14) and (15) reduce to

∂T 2
+ T + Δg = 0 ,
∂r r

(16)

∂T
+ δg = 0 ,
∂r

(17)

These equations, for the Molodensky and the GPS problem, are valid both at sea
level (classical, PG p. 88) and at S (Molodensky, PG sec. 8–6).
4. The Spherical Case

As we have agreed, we work formally with a sphere (the reference ellipsoid stays at
its geometric place!). This means putting r = R = const. Furthermore we assume
(fictitiously!) that S is a level surface.
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Expanding T and Δg into a series of Laplace spherical harmonics (PG p. 97) we find
∞

T (θ, λ ) = ∑Tn (θ, λ ) ,

(18)

2

∞

Δg (θ, λ ) = ∑ Δg n (θ, λ ) ,

(19)

2

on the surface of the sphere, whence by (16) with r = R ,
Δg n
.
n =2 n − 1
∞

T = R∑

(20)

The summation starts conventionally with n = 2, rather than n = 0, for several
reasons, one of them being that n = 1 would lead to a zero denominator in (20).
As indicated in PG, p. 97, this leads to well–known Stokes’ formula
T =

R
S(ψ )Δgdσ
4π ∫∫
σ

(21)

2n + 1
Pn (cos ψ ) ,
n =2 n − 1

(22)

where
∞

S( ψ ) = ∑

where P (cos ψ ) are Legendre Polynomials. Here ψ denotes this spherical distance
from the point at which T is to be computed.
In exactly the same way we obtain for the gravity disturbance with the boundary
condition (17)
∞

δg (θ, λ ) = ∑ δg n (θ, λ ) ,

(23)

0

δg n
,
n =0 n + 1
∞

T (θ, λ ) = R ∑

(24)

and the formula of Neumann–Koch
T =

R
K (ψ )δgdσ
4π ∫∫
σ

with
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(25)

2n + 1
Pn (cos ψ )
n =0 n + 1
∞

K (ψ ) = ∑

(26)

and by summation of this series
K (ψ ) =

⎛
⎞
1
1
⎟⎟
− ln ⎜⎜1 +
sin(ψ / 2)
⎝ sin(ψ / 2) ⎠

(27)

being the Neumann–Koch function.
Mathematically, this is the solution of Neumann’s problem (the second boundary
value problem of potential theory) for the sphere, cf. PG, p. 36. It is a classical
problem of potential theory, with a history of at least 150 years, similarly to Stokes’
formula. “Neumann’s problem” is called after the mathematician Carl Neumann, who
edited this father’s (Franz Neumann) lectures from the 1850ies (Neumann 1887, see
especially p. 275). The external spherical Neumann problem also occurs in (Kellogg
1929, p. 247). Later authors connected with this formula were Bjerknes (the famous
Swedish meteorologist or his father, a mathematician) and the Russians Idelson and
Malkin, both around 1932. It is again found in Hotine (1969, pp. 311, 318). (I owe
these historical remarks to Mrs. M.I. Yurkina.)
Their basic significance for modern physical geodesy with a known Earth surface was
recognized and elaborated by Koch (1971).
So in the GPS boundary problem on the sphere, the solution (25) is completely
analogous to the formula of Stokes (22).
The fact that the GPS problem is conceptually simpler (fixed boundary surface) than
Molodensky’s problem (free boundary surface) is expressed by the fact that Stokes’
function must start with n = 2, since n = 1 gives a zero denominator, whereas
Neumann–Koch’s function (26) is regular for all n.
In both cases, the height anomaly ζ (here the geoidal height) is given by Bruns’
formula
ζ=

T
,
γ0

(28)

where γ 0 is a suitable mean value of normal gravity (e.g. 980 gal).
We shall see that these spherical solutions form the base for an elementary solution
of Molodensky’s problem and the GPS problem for the Earth’s surface. We only
mention the well–known fact that, for the Earth’s surface S, these two problems are
oblique–derivative problems, since the direction of the plumb line does not coincide
with the normal to the Earth’s surface, at least on land. Thus the GPS boundary
problem for S is not a Neumann problem (which always involves the normal
derivative)!
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5. Analytical Continuation to a Sphere

The idea is very simple (Fig. 4). Our observations Δg or δg , given on the Earth’s
surface S, are reduced, or rather analytically continued (upward or downward, see
Fig. 3), to a level surface (or normal level surface U = U P , which for our purpose is
the same). In the spherical approximation both surfaces U = U P and U = U 0 , are
concentric spheres, but only in the precise sense of the spherical approximation as
explained above.

Fig. 4. Analytical continuation from the Earth surface to point level

Following APG, p. 378, we have
Δg = Δg '+ z

∂Δg ' 1 2 ∂ 2 Δg ' 1 3 ∂ 3 Δg '
+ z
+ z
+K
∂z
2!
3!
∂z 2
∂z 3
1 n ∂ n Δg '
,
z
∂z n
n =1 n!
∞

= Δg ' + ∑

(29)

where
z = h − hA

(30)

is the elevation difference with respect to the computation point A. For the present we
shall assume the series (29) to be convergent.
Here Δg ' is the gravity anomaly at point level (Fig. 4). The use of a Taylor series is
typical for analytical continuation (cf., for instance, the use of Taylor series for
analytical continuation for functions of a complex variable).
What does analytical continuation mean in our context? The external potential V, and
also the functions rΔg and rδg (PG p. 90), are harmonic outside S, and analytical
continuation by Taylor series again generates a harmonic function. This harmonic
function coincides with the potential V outside S, but inside S it is different from V
since V inside the masses does not satisfy Laplace’s equation ΔV = 0 . Inside S, a
Taylor series simply represents the analytical continuation of V which, of course, is
harmonic.
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The use of analytical continuation has an interesting history. It was first considered,
as a possibility, by Molodensky himself, already before 1945, but he soon rejected
this method! Molodensky was a profound and very serious mathematician, with a
high regard for mathematical rigor. He would not be satisfied with intuitive heuristic
approaches, so common in mathematical physics.
In fact, the analytical continuation of the external gravitational potential into the
interior of the Earth's masses is very likely to become singular at some points. As a
serious mathematician, Molodensky rejected the use of singular functions for regular
purposes.
Still, analytical continuation continued to exert an irresistable fascination because its
use is so easy. It was rediscovered around 1960 by Arne Bjerhammar. At the
General Assembly of the International Union of Geodesy and Geophysics in
Berkeley, California, in 1963, I talked to Arne about these difficulties, but he refused
to take them seriously. So we decided to take a long walk from the Berkeley bus
terminal to the Golden Gate Bridge in San Francisco. I was admiring the beautiful
scenary, but Arne kept talking about analytical continuation. Finally, tired by the hike,
I was ready to admit that analytical continuation was rigorously possible for discrete
boundary data (all our terrestrial gravity measurements are discrete) and
approximately possible for continuous boundary data.
This admittedly intuitive thinking was made rigorous by Krarup's (1969) idea that
Runge's theorem, well known for approximation of analytical functions of a complex
variable, should be applied to the problem of analytical continuation of harmonic
functions in space. Runge's theorem, in the form of Krarup, says, loosely speaking,
that, even if the external geopotential cannot be regularly continued from the Earth
surface S into its interior, it can be made continuable by an arbitrarily small change of
the geopotential at S. (For a detailed discussion see APG, secs. 6 to 8.) (Another
historical remark: the Krarup-Runge theorem for harmonic functions in space goes
back (at least) to Szegö and to Walsh (both around 1929), cf. (Frank–Mises 1937, pp.
760–762). It is always dangerous to talk about priorities!)
So, in the same year 1969, Marych and Moritz independently found an elementary
solution by analytical continuation in the form of a Molodensky series as will be
shown now. (By the way, analytical continuation is a purely mathematical concept
independent of the density of the topographic masses. Thus it is not an “introduction
of gravity reduction through the back door”, which would be contrary to the spirit of
Molodensky's theory.)
Let us return to series (29). It may be written in the symbolic form
Δg = UΔg ' ,

(31)

where U is the analytic continuation operator. Since we are given Δg ' at the Earth’s
surface and wish to compute Δg ' at the sphere representing point level, we must
invert (31):
Δg ' = U −1Δg = DΔg ,
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(32)

where the operator D is inverse to U. (The notation U and D has been motivated by
Upward and Downward continuation but U may also be downward as Fig. 4 shows.)
The reader not interested in the details may skip the following derivation and go
directly to the computational formulas (64) to (73),
Since Δg ' refers to a level surface, we may directly apply the usual formulas of
Stokes and Vening–Meinesz to the anomalous potential T and the deflection of the
vertical (ξ, η) , all at the point A :
T =

R
Δg ' S(ψ )dσ ,
4π ∫∫
σ

⎧ξ ⎫
1
⎨ ⎬=
0
⎩η⎭ 4πγ

dS ⎧cos α ⎫

∫∫ Δg ' dψ ⎨⎩sin α ⎬⎭dσ

(33)

.

(34)

σ

Strictly speaking, we should in (33) replace R by R + h A , but we may use R without
impairing the accuracy; in the same way we may in (34) use a mean value γ 0 of
about 980 gal as usual.
Derivation of Δg ' . There remains now to compute the point level anomaly Δg ' from
the measured ground anomaly Δg . We write (29) symbolically in the form
⎛ ∞ 1 n ∂n ⎞
⎟Δg '
Δg = Δg '+⎜⎜ ∑ z
n ⎟
n
!
z
∂
n
1
=
⎠
⎝
∞
⎛
⎞
= ⎜⎜ I + ∑ z n Ln ⎟⎟Δg ' ;
⎝ n =1
⎠

(35)

1 ∂n
1 ∂n
=
Ln =
n! ∂z n n! ∂r n

(36)

is a vertical (radial) differentiation operator and I is the identity operator:
If = f .

(37)

Comparing (35) with (31) we see that we have obtained a symbolic series expansion
of the analytical continuation operator U :
∞

U = I + ∑ z n Ln .

(38)

n =1

We shall now try to compute the inverse continuation operator
D = U −1
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(39)

by forming the formal reciprocal of the series (38); then (32) gives Δg ' . This will be
done as follows.
We replace all elevations h by kh where k is the Molodensky parameter with
0 ≤ k ≤ 1. Then the analytical continuation operator (38) becomes
∞

∞

n =1

n =0

U = I + ∑ k n z n Ln = ∑ k n U n ,

(40)

where
U0 = I

; U n = z n Ln

n = 1, 2, 3, K

if

(41)

In the same way we express the downward continuation operator D = U −1 as a formal
series
∞

D = ∑ k n Dn .

(42)

n =0

We may try to determine the Dn from the obvious operator identity

UD =I

.

(43)

On substituting the respective series we have
∞

∞

∑

k pU

p=0

∑

p

k

q

D

q =0

q

= I

(44)

or
∞

∞

∑∑ k

p +q

p =0 q = 0

U p Dq = I .

(45)

This may be transformed into
∞

n

∑ k ∑U D
n

n =0

r =0

r

n −r

−I = 0 .

(46)

We require this identity to hold for all values of the parameter k. Then the factors of
all k n must be zero. For n = 0 we have
U 0 D0 − I = 0 ,

(47)

D0 = I .

(48)

thus because of U 0 = I also
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For n ≠ 0 we have the equation
n

∑U D
r

r =0

n −r

=0

(49)

or
n

Dn + ∑ U r Dn − r = 0 ,
r =1

whence
n

Dn = − ∑ U r D n − r

.

(50)

r =1

This equation expresses Dn in terms of the known U r and the previously determined
D1 , D2 , K, Dn −1 . So, starting from D0 = I , we can recursively compute the operators
D1 , D2 , D3 ,K
Computationally more convenient is the introduction of the functions
g n = D n ( Δg ) .

(51)

Eq. (49) gives for them
n

∑U D
r

r =0

n −r

( Δg ) = 0 .

(52)

By (41) and (51) this becomes
n

∑ z L (g
r

r

r =0

n −r

)=0 ,

(53)

which can be solved for g n , noting z 0 L0 (g n ) = g n :
n

g n = − ∑ z r Lr ( g n − r ) .

(54)

r =1

Eq. (54) makes it possible to determine the g n recursively, starting from
g 0 = Δg

.

(55)

Then the anomaly Δg ' , defined by (32), is then given by
∞

∞

n =0

n =0

Δg ' = DΔg = ∑ Dn ( Δg ) = ∑ g n .
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(56)

We have put k = 1 in (42), so as to change kh back into the actual elevation h, since
we had admitted a general k only in order to get a convenient mechanism of
expansion.
Then (33) gives
∞

T = S( Δg ' ) = ∑Tn

(57)

Tn = S ( g n ) ,

(58)

n =0

with

S denoting the Stokes operator.
Determination of the Ln . We must now study the operators Ln which play a basic role
in the present method.
First we derive some simple formulas for them. The definition (36) gives
Ln =

1 ∂n
1 1
∂ n −1 ∂
=
n! ∂z n n (n − 1)! ∂z n −1 ∂z

(59)

or
Ln =

1
1
Ln −1L = LLn −1 .
n
n

(60)

This is a recursion formula expressing Ln in terms of Ln −1 and L = L1 .
Repeated application of this recursion formula gives
Ln =

1 n
L
n!

(61)

where
Ln = LLL KL

(n times) ;

this is also evident from (59).
The original meaning of Ln as a spatial operator, namely a vertical derivative, is
restricted to the use with level–surface anomalies Δg ' only; furthermore, this vertical
derivative is normal to the surface and thus, figuratively speaking, leads out of the
surface.
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It is possible, however, to interpret Ln as a surface operator which does not lead out
of the surface and can be used with data given on an arbitrary smooth surface which
need not be a level surface. This may be done as follows.
The vertical derivative ∂ ∂r can be expressed in terms of surface values by the well–
known spherical formula (PG, p. 38)
∂f
1
R2
=− f +
∂r
R
2π

∫∫
σ

f − fP
dσ .
l 03

(62)

P is the point at which ∂f ∂r is computed and to which f in the first term on the right–
hand side refers. σ denotes the unit sphere and
l 0 = 2R sin

ψ
.
2

(63)

Computational formulas. Let us finally summarize our computational formulas. By
Bruns’ equation (13) and by (33), (34), and (56) we have
ζ=

R
4πγ 0

⎧ξ ⎫
1
⎨ ⎬=
0
⎩η⎭ 4πγ

∞

σ

∫∫ Δg
σ

R
0
n =1 4 πγ

∫∫ ΔgS(ψ )dσ + ∑

∫∫ g

n

S(ψ )dσ ,

(64)

σ

∞
dS ⎧cos α ⎫
1
d
σ
+
⎨
⎬
∑
0
dψ ⎩sin α ⎭
n =1 4 πγ

∫∫ g
σ

n

dS ⎧cos α ⎫
⎨
⎬dσ .
dψ ⎩sin α ⎭

(65)

Here γ 0 is a global mean value such as 980 gal. The correction terms g n are
evaluated recursively by (54):
n

g n = − ∑ z r Lr ( g n − r ) ,

(66)

r =1

starting from
g 0 = Δg ;

(67)

z = h − hA .

(68)

there is

The Ln are also evaluated recursively as surface operators :
Ln ( Δg ) =

1
L1 [Ln −1 ( Δg )]
n

with the surface integral
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(69)

L1 (f ) =

R2
2π

f − fP
∫∫σ l 03 dσ .

(70)

These formulas are all that is needed to compute approximations of an arbitrarily high
order. All occurring operators are systematically reduced to a repeated application of
the integral (70).
Let us finally render the method more concrete by evaluating (66) explicitly for n = 1,
2, 3:
g 1 = −zL1 ( Δg )

,

g 2 = − zL1 (g 1 ) − z 2 L2 ( Δg )

,

g 3 = − zL1 (g 2 ) − z 2 L2 (g 1 ) − z 3 L3 ( Δg )

(71)
.

If we restrict ourselves to n = 1, then the present solution becomes
ζ=

R
4πγ 0

⎡

∫∫ ⎢⎣Δg − (h − h

A

σ

)

∂Δg ⎤
S(ψ )dσ
∂h ⎥⎦

(72)

since
g 1 = −(h − hA )L1 ( Δg ) = −(h − hA )

∂Δg
∂Δg
= −(h − hA )
∂z
∂h

(73)

and the operator L1 may be interpreted as a vertical derivative by (36). This first–
order solution may, therefore, be called gradient solution. Analogous formulas hold
for ξ and η . All these formulas are very suitable for practical application, cf. PG,
secs. 8–8 and 8–9.
This series solution is completely equivalent, term by term, to the usual Molodensky
series obtained from an integral equation. This has been proved in an ingenious way
by L.P. Pellinen; cf. APG sec. 46 (“Pellinen’s equivalence proof”). This is a final
confirmation of the validity of the analytical continuation approach.

6. Gravity Disturbances: the GPS Case

The basic fact is that for gravity disturbances the derivation of “Molodensky
corrections” g n is identical to the Δg case. Therefore we have given the derivation
from eq. (29) to (63) in full detail, following APG sec. 45 for convenience.
The reason is that the gravity disturbance δg has exactly the same analytical
behavior as the gravity anomaly Δg since rδg , as a function in space, is harmonic
together with rΔg . Thus the arguments leading from eq. (29) to (66) are literally the
same, only Δg has to be replaced by δg , and Stokes’ formula must be replaced by
the formula of Neumann–Koch (25) and similarly for Vening–Meinesz’ formula.
83

Thus we obtain
ζ=

R
4πγ 0

⎧ξ ⎫
1
⎨ ⎬=
0
⎩η⎭ 4πγ

∞

R
0
n =1 4 πγ

∫∫ δgK (ψ )dσ + ∑
σ

∫∫ δg
σ

∫∫ g

n

K (ψ )dσ ,

(74)

σ

∞
dK ⎧cos α ⎫
1
σ
+
d
⎨
⎬
∑
0
dψ ⎩sin α ⎭
n =1 4 πγ

∫∫ g

n

σ

dK ⎧cos α ⎫
⎨
⎬dσ .
dψ ⎩sin α ⎭

(75)

For the “Vening–Meinesz GPS formula” (75) we find by differentiation of (27)
1 cos(ψ 2)
1
dK
=−
.
2
2 sin (ψ 2) 1 + sin (ψ 2)
dψ

(76)

The correction terms g n are again evaluated recursively by
n

g n = − ∑ z r Lr ( g n − r ) ,

(77)

r =1

but now, of course, we start from
g 0 = δg

(78)

Of course, formulas (69) to (73) continue to hold. We only have to replace Δg by δg
and S(ψ ) by K (ψ ) .
Let us summarize again our trick for solving the modern boundary–value problems
(Molodensky and Koch). It is difficult to directly work with the complicated Earth
surface S. Therefore, by analytical continuation of Δg or δg , respectively, we reduce
these complicated problems to the corresponding spherical problems, for which the
solution is simple and well known.
The similarity of the Molodensky series for the Molodensky problem, on the one
hand, and for the GPS boundary problem, on the other hand, is very clear because
Δg and δg have the same analytical and geometric structure.
At the same time, this similarity is very surprising since the two underlying boundary
problems are mathematically quite different, as we have seen in sec. 2, compare eqs,
(4) and (5), Nonetheless, (74) does give the potential as (5) requires: by Bruns'
theorem, which is the omnipresent link between geometry and physics, we have
T = γζ .

(79)

Then
W = U +T
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(80)

Is the geopotential required by (5), and
C = W0 − W

(81)

Is the geopotential number, the physical measure of height above sea level,
conventionally obtained by the cumbersome method of leveling, but now computed in
a direct way from gravity data. (This is, of course, the physical, more general,
equivalent of the geometric determination of the normal height by H* = h - ζ ,
according to eq. (9).)
All this shows the powerful and very generally applicable ideas of M.S. Molodensky.
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